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Introduction 

These are the notes from a course of five lectures at the 2009 Park City Math 
Institute. The focus is on elliptic curves over function fields over finite fields. In 
the first three lectures, we explain the main classical results (mainly due to Tate) 
on the Birch and Swinnerton-Dyer conjecture in this context and its connection to 
the Tate conjecture about divisors on surfaces. This is preceded by a "Lecture 0" 
on background material. In the remaining two lectures, we discuss more recent 
developments on elliptic curves of large rank and constructions of explicit points in 
high rank situations. 

A great deal of this material generalizes naturally to the context of curves and 
Jacobians of any genus over function fields over arbitrary ground fields. These gen- 
eralizations were discussed in a course of 12 lectures at the CRM in Barcelona 
in February, 2010, and will be written up as a companion to these notes, see 
[Ulmllj . Unfortunately, theorems on unbounded ranks over function fields are 
currently known only in the context of finite ground fields. 

Finally, we mention here that very interesting theorems of Gross-Zagier type 
exist also in the function field context. These would be the subject of another series 
of lectures and we will not say anything more about them in these notes. 

It is a pleasure to thank the organizers of the 2009 PCMI for the invitation to 
speak, the students for their interest, enthusiasm, and stimulating questions, and 
the "elder statesmen" — Bryan Birch, Dick Gross, John Tate, and Yuri Zarhin — 
for their remarks and encouragement. Thanks also to Keith Conrad for bringing 
the fascinating historical articles of Roquette |Roq06| to my attention. Last but 
not least, thanks are due as well to Lisa Berger, Tommy Occhipinti, Karl Rubin, 
Alice Silverberg, Yuri Zarhin, and an anonymous referee for their suggestions and 
TJ^^Xnical advice. 
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LECTURE 



Background on curves and function fields 

This "Lecture 0" covers definitions and notations that are probably familiar 
to many readers and that were reviewed very quickly during the PCMI lectures. 
Readers are invited to skip it and refer back as necessary. 

1. Terminology 

Throughout, wc use the language of schemes. This is necessary to be on firm ground 
when dealing with some of the more subtle aspects involving non-perfect ground 
fields and possibly non-reduced group schemes. However, the instances where we 
use any hard results from this theory are isolated and students should be able to 
follow readily the main lines of discussion, perhaps with the assistance of a friendly 
algebraic geometer. 

Throughout, a variety over a field F is a separated, reduced scheme of finite 
type over Spec F. A curve is a variety purely of dimension 1 and a surface is a 
variety purely of dimension 2. 

2. Function fields and curves 

Throughout, p will be a prime number and F, will denote the field with q elements 
with q a power of p. We write C for a smooth, projective, and absolutely irreducible 
curve of genus g over and we write K = Vq{C) for the function field of C over 
¥q. The most important example is when C = P^, the projective line, in which case 
K = ¥g{C) — ¥q(t) is the field of rational functions in a variable t over F^. 

We write v for a closed point of C, or equivalently for an equivalence class of 
valuations of K. For each such v we write Oj-^) for the local ring at v (the ring 
of rational functions on C regular at u), rrit, C for the maximal ideal (those 
functions vanishing at v), and Ky = ©(^j/m^ for the residue field at v. The extension 
Ky/¥q is finite and we set deg(u) = [k^ : ¥q] and qy = q'^^^^'"^ so that «;„ = ¥q^. 

For example, in the case where C = V^, the "finite" places of C correspond 
bijectively to monic irreducible polynomials / S ¥q[t]. If v corresponds to /, then 
0(^y-) is the set of ratios g/h where g,h G ¥q[t] and / does not divide h. The maximal 
ideal xriy consists of ratios g/h where / does divide g, and the degree of v is the 
degree of / as a polynomial in t. There is one more place of K, the "infinite" place 
V = oo. The local ring consists of ratios g/h with g,h G ¥q[t] and deg(5f) < deg(/i). 
The maximal ideal consists of ratios g/h where deg(g) < deg(/i) and the degree of 
u = oo is 1. The finite and infinite places of give all closed points of P^. 

Wc write K'^'P for a separable closure of K and let Gk = Ga\{K'^P/K). We 
write ¥q for the algebraic closure of Fg in K^'^p . For each place v of K we have the 
decomposition group Dy (defined only up to conjugacy), its normal subgroup the 
inertia group ly C Dy, and Pr„ the (geometric) Probenius at v, a canonical generator 
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of the quotient D^/Iy ^ Gal(Fg/Fg) that acts as a; i-> a;'" ^ on the residue field at 
a place w dividing u in a finite extension F C K'^'^p unramified over v. 

General references for this section and the next are |Gol03j , |Ros02] , and |Sti09) . 

3. Zeta functions 

Let A" be a variety over the finite field F^. Extending the notation of the previous 
section, if a; is a closed point of X ^ we write Kx for the residue field at x, qx for its 
cardinality, and deg(a::) for [kx '■ Fg]. 

We define the Z and C functions of X via Euler products: 

Z(A',r) = J]^ (l 

X 

and 

ax.s)^z{x,q-^)^\{{i-q-^y^ 

X 

where the products are over the closed points of X. It is a standard exercise to 
show that 

ViVn — 

^ — ' n 

where is the number of F^n -valued points oi X. It follows from a crude estimate 
for the number of F^n points of X that the Euler product defining C,{X, s) converges 
in the half plane Re(s) > dim A". 

If X is smooth and projective, then it is known that Z{X , T) is a rational 
function of the form 

where Pq{T) = (1 - T), P2di^x{T) = (1 - g'^^'^T), and for all < i < 2dimA' 
Pi{T) is a polynomial with integer coefficients and constant term I. We denote the 
inverse roots of Pi by so that 

P^{T)^l[{l-a,,T) 

3 

The inverse roots a^- of Pi{T) are algebraic integers that have absolute value 
q*/^ in every complex embedding. (We say that they are Weil numbers of size 
q*/^.) It follows that C,{X,s) has a meromorphic continuation to the whole s 
plane, with poles on the lines Res € {0, . . . , dim A} and zeroes on the lines Res € 
{1/2, . . . , dim X — 1/2}. This is the analogue of the Riemann hypothesis for (^{X, s). 

It is also known that the set of inverse roots of Pi{T) (with multiplicities) is 
stable under a^j i— )• q/cuj. Thus (■(<%", s) satisfies a functional equation when s is 
replaced by dim A" — s. 

In the case where A" is a curve, Pi{T) has degree 2g {g — the genus of C) and 
has the form 

2s 

PiiT) = ! + ■■■+ q^T^a = [](1 - ayT). 

i=i 

Thus C(C, s) has simple poles for s e ^^"^ a-nd s e 1 + a-nd its zeroes lie on 

the line Res = 1/2. 
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For a fascinating history of the early work on zeta functions and the Riemann 
hypothesis for curves over finite fields, see |Roq06| and parts I and 11 of that work. 

4. Cohomology 

Assume that A" is a smooth projective variety over k — ¥q. We write X for Xxf^Wg. 
Note that Gk = Gal(Fg/Fg) acts on X via the factor F^. 

Choose a prime i ^ p. We have €-adic cohomology groups H''-{X,Qe) which 
are finite-dimensional Q^-vector spaces and which vanish unless < i < 2dimA'. 

Functoriality in X gives a continuous action of Gal(Fg/Fg). Since the geometric 
Frobenius (Frg(a) — a"^ ^) is a topological generator of Gal{Wq/Wq), the character- 
istic polynomial of Fr^ on Q^) determines the eigenvalues of the action of 
Gal(Fg/Fg); in fancier language, it determines the action up to semi-simplification. 

An important result (inspired by jWei49j and proven in great generality in 
[SGA5j ) says that the factors Pi of Z{X, t) are characteristic polynomials of Frobe- 
nius: 

(4.1) P,(r) = det(l - TFiq \W(X,Qe))- 

From this point of view, the functional equation and Riemann hypothesis for 
Z{X,T) are statements about duality and purity. 

To discuss the connections, we need more notation. Let ^^(l) — ^m ^^ fign (Fg) 
and Q^(l) = Z£(l) Qe, so that Qf(l) is a one-dimensional Q^-vector space on 
which Gal(Fq/Fg) acts via the ^-adic cyclotomic character. More generally, for 
n > set Qe{n) = Qe{l)'^" (n-th tensor power) and Qei-n) = Hom(Q^.(n), Q^?), 
so that for all n, Qe{n) is a one-dimensional Q^-vector space on which Gal(Fq/Fg) 
acts via the nth power of the £-adic cyclotomic character. 

We have H"(X,Qi) = Qe (with trivial Galois action) and H^'^''^^ (X,Qi) = 
Q^(dim A'). The functional equation follows from the fact that we have a canonical 
non-degenerate, Galois equivariant pairing 

W(X,Qi) X H^''"^''-'(X,Qe) ^ H^'''"^'' (X,Qe) = Q^dimA"). 

Indeed, the non-degeneracy of this pairing implies that if a is an eigenvalue of Fr^ 
on W(X, Qe), then is an eigenvalue of Fr, on ^ (X , Qe)- 

The Riemann hypothesis in this context is the statement that the eigenvalues 
of Frq on H^{X, Qg) are algebraic integers with absolute value g'/^ in every complex 
embeddi ng. 

See 
with the 



SGA4i or |Mil80j for an overview of etale cohomology and its connections 
Weil conjectures. 



5. Jacobians 

5.1. Picard and Albanese properties 

We briefly review two (dual) universal properties of the Jacobian of a curve that 
we will need. See [Mil86b| for more details. 

We assume throughout that the curve C has an F^-rational point 
closed point with residue field F^. If T is another connected variety over Wg with 
an Fg-rational point t, a divisorial correspondence between (C, x) and (T, t) is an 
invertible sheaf £ on C Xf, T such that C\cxt and C\xxt are trivial. Two divisorial 
correspondences are equal when they are isomorphic as invertible sheaves. Note 
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that the set of divisorial correspondences between {C,x) and (T,t) forms a group 
under tensor product and is thus a subgroup of Pic(C x T). We write 

DivCorr((C,a;), {T,t)) C Pic(C x T) 

for this subgroup. One may think of a divisorial correspondence as giving a family 
of invertible sheaves onC: s i-^ £\cxs- 

Let J = Jc be the Jacobian of C and write for its identity element. Then 
J is a gr-dimensional abelian variety over and it carries the "universal divisorial 
correspondence with C." More precisely, there is a divisorial correspondence Ai 
between (C, x) and (J, 0) such that if S is another connected variety over with 
Fq-rational point s and £ is a divisorial correspondence between (C, x) and (S", s), 
then there is a unique morphism <j) : S J sending s to such that C = (jfAi. 
(Of course M depends on the choice of base point x, but we omit this from the 
notation.) 

It follows that there is a canonical morphism, the Abel-Jacobi morphism, AJ : 
C J sending a:: to 0. Intuitively, this corresponds to the family of invertible 
sheaves parameterized by C that sends y E C to Oc{y — x). More precisely, let 
A C C X C be the diagonal, let 

£) = A- xxC-Cxa;, 

and let C — Ocxc{D) which is a divisorial correspondence between (C, x) and itself. 
The universal property above then yields the morphism AJ : C J. It is known 
that AJ is a closed immersion and that its image generates J as an algebraic group. 

The second universal property enjoyed by J (or rather by AJ) is the Albanese 
property: it is universal for maps to abelian varieties. More precisely, if A is an 
abelian variety and : C — A is a morphism sending x to 0, then there is a unique 
homomorphism of abelian varieties : J ^ A such that (jj = tp o AJ. 

Combining the two universal properties gives a useful connection between corre- 
spondences and homomorphisms: Suppose C and V are curves over ¥q with rational 
points X € C and y £ V. Then we have an isomorphism 

(5.1.1) DivCorr((C, x), (P, y)) ^Hom( Jc,Jd). 

Intuitively, given a divisorial correspondence on C x 2?, we get a family of invertible 
sheaves on V parameterized by C and thus a morphism C ^ Jt>- The Albanese 
property then gives a homomorphism Jc Jv- We leave the precise version as an 
exercise, or see Mil86b, 6.3]. We will use this isomorphism later to understand the 
Neron-Severi group of a product of curves. 

5.2. The Tate module 

Let A be an abelian variety of dimension g over F^, for example the Jacobian of 
a curve of genus g. (See [Mil86aj for a brief introduction to abelian varieties and 
[Mum08| for a much more complete treatment.) Choose a prime £^ p- Let A[i'^] be 
the set of Fq points of A of order dividing It is a group isomorphic to (Z/^"Z)^f 
with a linear action of Gal(Fg/Fg). We form the inverse limit 

TeA = liniA[r] 

n 

where the transition maps are given by multiplication by £. Let V^A = TeA(E)Ze 
a 2f/-dimensional Q^-vector space with a linear action of Ga\{¥ q/¥q). It is often 
called the Tate module of A. 
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According to Roquette, what we now call the Tate module seems to have first 
been used in print by Deuring jDeu40] as a substitute for homology in his work on 
correspondences on curves. It appears already in a letter of Hasse from 1935, see 
|Roq06[ p. 36]. 

The following proposition is the modern interpretation of the connection be- 
tween homology and torsion points. 

Proposition 5.2.1. Let A he an abelian variety over a field k and let i he a prime 
not equal to the characteristic of k. Let ViA be the Tate module of A and (ViA)* 
its dual as a Gk = Gal{k'^'^P /k) -module. 

• There is a canonical isomorphism of Gk -modules 

{VeAr9iHHAxk,Q,). 

• Lf A is the Jacobian of a curve C over k, then 

H\Axk, Qe)^H\Cxk, Q,). 

For a proof of part 1, see |Mil86al 15.1] and for part 2, see |Mil86bl 9.6]. 

Exercises 5.2.2. These exercises are meant to make the Proposition more plausi- 
ble. 

(1) Show that if A{C) is a complex torus C^/A, then the singular homol- 
ogy Hi{A{C),Qe) is canonically isomorphic to ViA{C). (Hint: Use the 
universal coefficient theorem to show that i7i(^(C), Z/€"Z) ^ A/£"A.) 

(2) (Advanced) Let C be a smooth projective curve over an algebraically closed 
field k. Let be a prime not equal to the characteristic of k. Use geo- 
metric class field theory (as in jSerSSj) to show that unramified Galois 
covers C — > C equipped with an isomorphism Gal(C'/C) = Z/£Z are in 
bijection with elements of Hom( Jc[£], Z/£Z). (Make a convention to deal 
with the trivial homomorphism.) This suggests that i?^(C, Z/^Z) "should 
be" Hom(JcM,Z/«) and i?i(C, Z/ffl) "should be" Jc[i]. The reason we 
only have "should be" rather than a theorem is that a non-trivial Galois 
cover C C is never locally constant in the Zariski topology. This is a 
prime motivation for introducing the etale topology. 

6. Tate's theorem on homomorphisms of abelian varieties 

As usual, let A; be a finite field and let A and B be two abelian varieties over k. 
Choose a prime £ not equal to the characteristic of k and form the Tate modules 
VeA and ViB. Any homomorphism of abelian varieties cj) : A ^ B induces a ho- 
momorphism of Tate modules (f)^ : VeA — > VeB and this homomorphism commutes 
with the action of Gk — Gal(fc/fc) on the Tate modules. We get an induced homo- 
morphism Homfc(A, _B) (g) — ^ HomCfc {VeA, VeB). Tate's famous result ^Tat66a] 
asserts that this is an isomorphism: 

Theorem 6.1. The map i— > t/i* induces an isomorphism of Qe-vector spaces: 

Homfc(A, B) (g) Qe^ Home, {VA, VB) . 

We also mention |Zar08| which gives a different proof and a strengthening with 
finite coefficients. 

We will use Tate's theorem in Theorem 112.11 of Lecture 2 to understand the 
divisors on a product of curves in terms of homomorphisms between their Jacobians. 
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Elliptic curves over function fields 

In this lecture we discuss the basic facts about eUiptic curves over function fields 
over finite fields. We assume the reader has some familiarity with elliptic curves 
over global fields such as Q or number fields, as explained, e.g., in |Sil09| . and we 
will focus on aspects specific to characteristic p. The lecture ends with statements 
of the main results known about the conjecture of Birch and Swinnerton-Dyer in 
this context. 

1. Elliptic curves 
1.1. Definitions 

We write k — ¥q for the finite field of cardinality q and characteristic p and we let 
K be the function field of a smooth, projective, absolutely irreducible curve C over 
k. 

An elliptic curve over K is a smooth, projective, absolutely irreducible curve 
of genus I over K equipped with a if-rational point O that will serve as the origin 
of the group law. 

All the basic geometric facts, e.g., of }Sil09| Ch. Ill and App. A], continue to 
hold in the context of function fields. We review a few of them to establish notation, 
but will not enter into full details. 

Using the Riemann-Roch theorem, an elliptic curve E over K can always be 
presented as a projective plane cubic curve defined by a Weierstrass equation, i.e., 
by an equation of the form 

(1.1.1) Y^Z + aiXYZ + a-iYZ"^ = + aaX^Z + a^XZ"^ + a^Z^ 

where ai, . . . , ae G -ftT. The origin O is the point at infinity [0:1:0]. We often give 
the equation in affine form: 

(1. 1. 2) + aixy + a^^y = x"^ + a2X^ + 042: + ag 

where x ~ X/Z and y — Y/Z. 

The quantities 62, . . . , fosi C4, Cg, A, j are defined by the usual formulas ( |Sil09l 
III. I] or |Del75] V Since E is smooth, by the following exercise A 7^ 0. 

Remark/Exercises 1.1.3. The word "smooth" in the definition of an elliptic 
curve means that the morphism E — > Spec K is smooth. Smoothness of a morphism 
can be tested via the Jacobian criterion (see, e.g., |Har771 III. 10.4] or |Liu021 4.3.3]). 
Show that the projective plane cubic (II. I. II) is smooth if and only if A 7^ 0. 
Because the ground field K is not perfect, smoothness is strictly stronger than 
the requirement that E be regular, i.e., that its local rings be regular local rings 
(cf. |Liu02( 4.2.2]). For example, show that the projective cubic defined by Y'^Z = 
X^ — tZ^ over K = ¥p{t) with p = 2 or 3 is a regular scheme, but is not smooth 
over K. 
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Definitions 1.1.4. Let E be an elliptic curve over K. 

(1) We say E is constant if there is an elliptic curve Eq defined over k such 
that E ^ Eq Xk K- Equivalently, E is constant if it can be defined by a 
Weierstrass cubic (|f .f ■![) where the Ui £ k. 

(2) We say E is isotrivial if there exists a finite extension K' of K such that 
E becomes constant over K'. Note that a constant curve is isotrivial. 

(3) We say E is non-isotrivial if it is not isotrivial. We say E is non-constant 
if it is not constant. 

Remark/Exercises 1.1.5. Show that E is isotrivial if and only if j{E) e k. 
Suppose that E is isotrivial, so that E becomes constant over a finite extension 
K' and let k' be the field of constants of K' (the algebraic closure of k in K'). A 
priori, the definition of isotrivial says that there is an elliptic curve Eq over k' such 
that E X X K' = Eq X k' K' . Show that we may take K' to have field of constants k 
and Eq to be defined over k. Show also that we may take K' to be separable and 
of degree dividing 24 over K. 

Exercise 1.1.6. For any elliptic curve E over K, the functor on if-algebras L i-> 
Auti(i? X L) is represented by a group scheme Aut(£'). (Concretely, this means 
there is a group scheme Aut (E) such that for any if -algebra L, Aut l{E x L) is 
Aut(i?)(L), the group of L- valued points of Aut (£').) Show that Aut (_E) is an etale 
group scheme. Equivalently, show that any element of Aut-j^(ii') is defined over a 
separable extension of K . (This is closely related to the previous exercise.) 

1.2. Examples 

Let K — Fp(t) with p > 3 and define elliptic curves 



El : 


/ 


= x' 


+ 1 


E2 '■ 






+t' 


E3 : 


y' 




+ t 


Ei : 


y' 


= 


+ x 



Then Ei ^ E2 over K and both are constant, E3 is isotrivial and non-constant, 
whereas £"4 is non-isotrivial. 

For more examples, let K = Fp(i) (with p restricted as indicated) and define 



iP^3) 


E5 ■■ 


y' 


+ ty 


= x' 




(P7^2) 


Eq : 




= x' 


+ tx 




(p arbitrary) 


Ej : 


2 

y 


+ xy 


+ ty^ 


x^ 


{p arbitrary) 


Es : 


y' 


+ xy 


= 4 


tx 


(p arbitrary) 


Eg : 


y' 


+ xy 


= 4 


t. 



Then Eq and Eq are isotrivial and non-constant whereas Ej, Eg, and Eg are non- 
isotrivial. 

2. Probenius 

If A" is a scheme of characteristic p, we define the absolute Frobenius morphism 
Frx : A — > A as usual: It is the identity on the underlying topological space and 
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raises functions to the p-th power. When X ~ Specif, Frx is just the map of 
schemes induced by the ring homomorphism K ^ K , a ^ aP . 

Suppose as usual that X is a function field and let E be an elliptic curve over 
K. Define a new elliptic curve over K by the fiber product diagram: 

^(P) = Spec K X Spec K E ^ E 



Spec K Spec K 

More concretely, if E is presented as a Weierstrass cubic as in equation (|1.1.2p . then 
is given by the equation with replaced by a^. The universal property of the 
fiber product gives a canonical morphism Yie/k, the relative Frohenius: 

E *- ^ E 




Spec K ^ Spec K 

By definition Fr^; is a morphism over K. In terms of Weierstrass equations for 
E and as above, it is just the map (x, y) ^ {x^, y^). 

It is evident that Yi^/k is an isogeny, i.e., a surjective homomorphism of elliptic 
curves, and that its degree is p. We define V — Ve/k to be the dual isogeny, so 
that Ve/k ° ^^^e/k — Hi multiplication by p on E. 

Note that HE^P'^) = j{E)P so that if E is non-isotrivial, E and E^p^ are not 
isomorphic. Thus, using Frobenius and its iterates, we see that there are infinitely 
many non-isomorphic elliptic curves isogenous to any non-isotrivial E. This is in 
marked contrast to the situation over number fields (cf. |Fal86| ) . 

Lemma 2.1. Let E be an elliptic curve over K . Then j{E) is a p-th power in K 
if and only if there exists an elliptic curve E' over K such that E = . 

Proof. We sketch a fancy argument and pose as an exercise a more down-to- 
earth proof. Obviously if there is an E' with E ^ E"^p\ then j{E) = j{E'^P'^) = 
j{E')P e RP. Conversely, suppose j{E) E Rp and choose an elliptic curve E" 
such that j{E")P — j{E). It follows that E"'--P^ is isomorphic to E over a finite 
separable extension of R. In other words, E is the twist of E"^p'> by a cocycle in 
H\GK,AutK'-p{E"'-Pyj). But there is a canonical isomorphism Autifsep = 
Aut ifaep {E") and twisting E" by the corresponding element of 

H\GK,AutK^..{E")) - H\GK,AutK..4E"^P^)) 

we obtain an elliptic curve E' with £;'(p) ^ E. □ 

Exercise 2.2. Use explicit equations, as in |Sil09[ Appendix A], to prove the 
lemma. 

3. The Hasse invariant 

Let F be a field of characteristic p and E an elliptic curve over F. Let Oe be 
the sheaf of regular functions on E and let fi^ be the sheaf of Kahler differentials 
on E. The coherent cohomology group H^{E,Oe) is a one-dimensional i^-vector 
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space and is Serre dual to the space of invariant differentials H^{E, Choose a 
non-zero differential uj e H^{E,Vl\,) and let 77 be the dual element of H^{E,Oe)- 
The absolute Frobenius Fr^ induces a (p- linear) homomorphism: 

We define an element A = A{E, w) of F by requiring that Fr^(7y) = A(E, uj)r]. This 
is the Hasse invariant of E. It has weight p ^ 1 in the sense that A{E, X^^cu) = 
XP~^A{E,uj) for all X e F"" . 

Suppose E is given by a Weierstrass equation (|1.1.2p and oj = dx/ {2y+aix+a3). 
If p = 2, then A{E,uj) = ai. If p > 2, choose an equation with ai — — 0. Then 
A{E, uj) = the coefficient of xP~^ in {x^^ + a2X^ + a^x + ag)^^"^)/^. These assertions 
follow from |KM85[ 12.4] where several other calculations of A are also presented. 

Recall that E/K is ordinary if the group of p-torsion points E{K)[p\ ^ 
and supersingular otherwise. It is known that E is supersingular if and only if 
A{E,uj) = (e.g., |KM85[ 12.3.6 and 12.4]) and in this case j{E) G Fp2 (e.g., 
|KM85[ proof of 2.9.4]). (Alternatively, one may apply piMl V.3.1] to E over K.) 
In particular, if E is supersingular, then it must also be isotrivial. 

4. Endomorphisms 

The classification of endomorphism rings in |Sil09| III. 9] goes over verbatim to 
the function field case: Eiidj^{E) is either Z, an order in an imaginary quadratic 
number field, or an order in a quaternion algebra over Q ramified exactly at 00 and 
p. The quaternionic case occurs if and only if E is supersingular, and the imaginary 
quadratic case occurs if and only ii j{E) is in Fp and E is not supersingular ( [Sil091 
V.3.1 and Exer. V.5.8]). 

In particular, if E is non-isotrivial, then Endj^(£') — Endi<:(£') — Z. 

5. The Mordell-Weil-Lang-Neron theorem 

We write E{K) for the group of A'-rational points of E and we call E{K) the 
Mordell-Weil group of E over K. Lang and Neron (independently) generalized the 
classical Mordell-Weil theorem to the function field context: 

Theorem 5.1. Assume that K = Fg(C) is the Junction field of a curve over a 
finite field and let E be an elliptic curve over K . Then E{K) is a finitely generated 
ahelian group. 

(The theorems of Lang and Neron apply much more generally to any abelian 
variety A over a field K that is finitely generated over its "constant field" k, but 
one has to take care of the "constant part" of A. See |Ulmll] for details.) 

We will not give a detailed proof of the MWLN theorem here, but will mention 
two strategies. One is to follow the method of proof of the Mordell-Weil (MW) 
theorem over a number field. Choose a prime number I ^ p. By an argument very 
similar to that in [Sil09l Ch. VIII] one can show that E{K)/tE{K) is finite (the 
"weak Mordell-Weil theorem") by embedding it in a Selmer group and showing 
that the Selmer group is finite by using the two fundamental finiteness results of 
algebraic number theory (finiteness of the class group and finite generation of the 
unit group) applied to Dedekind domains in K. One can then introduce a theory of 
heights exactly as in |Sil09) and show that the MW theorem follows from the weak 
MW theorem and finiteness properties of heights. See the original paper of Lang 
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and Neron [LN59j for the full details. A complete treatment in modern language 
has been given by Conrad |Con06| . 

One interesting twist in the function field setting comes if one takes 1 = p above. 
It is still true that the Selmer group for p is finite, but one needs to use the local 
restrictions at all places; the maximal abelian extension of exponent p unramified 
outside a finite but non-empty set of places is not finite and so one needs some 
control on ramification at every place. See [Ulm91j for a detailed account of p- 
descent in characteristic p. 

A second strategy of proof, about which we will say more in Lecture 3, involves 
relating the Mordell-Weil group of E to the Neron-Severi group of a closely related 
surface 8. In fact, finite generation of the Neron-Severi group (known as the "the- 
orem of the base" ) is equivalent to the Lang-Neron theorem. A direct proof of the 
theorem of the base was given by Kleiman in |SGA6| XIII]. See also ^MilSO, V.3.25]. 

6. The constant case 

It is worth pausing in the general development to look at the case of a constant 
curve E. Recall that K is the function field fc(C) of the curve C over k — Vq. 
Suppose Eq is an elliptic curve over k and let E — Eq Xk K- 

Proposition 6.1. We have a canonical isomorphism 

EiK)^MoTk{C,Eo) 

where Mor^ denotes morphisms of varieties over k {—morphisms of k-schemes). 
Under this isomorphism, E{K)tor corresponds to the subset of constant morphisms. 

Proof. By definition, E{K) is the set of iiT-morphisms 

Specie E = Ea XkK. 

By the universal property of the fiber product, these are in bijection with k- 
morphisms Spec K ^ Eq. Since C is a smooth curve, any fc-morphism Spec K Eq 
extends uniquely to a fc-morphism C — >■ Eq. This establishes a map E{K) — > 
Morfc(C, £'o). If rj : Spec A' — > C denotes the canonical inclusion, composition with 
r] ((f) 1-^ (j) o rj) induces a map Morj.(C, Eq) — >■ E{K) inverse to the map above. This 
establishes the desired bijection and this bijection is obviously compatible with the 
group structures. 

Since k is finite, it is clear that a constant morphism goes over to a torsion 
point. Conversely, if P e E{K) is torsion, say of order n, then the image of the 
corresponding ip : C ^ Eq must lie in the set of n-torsion points of i?o , a discrete 
set, and this implies that is constant. □ 

For example, if K is rational (i.e., C = so that K ~ k{t)), then E{K) = 
Eoik). 

Corollary 6.2. Let Jq he the Jacobian of C . We have canonical isomorphisms 

E{K)/E{K)tor = Homfc_a«(^c, -Eo) ^ Homfc_.at,(£'o, Jc). 

Proof. The Albanese property of the Jacobian of C fSubsection 15.11 of Lec- 
ture 0) gives a surjective homomorphism 

Morfc(C,^;o) -> Rouik-aviJc^EQ). 
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This homomorphism sends non-constant (and therefore surjeetive) morphisms to 
non-constant (surjeetive) homomorphisms, so its kernel consists exactly of the con- 
stant morphisms. The second isomorphism in the statement of the corollary follows 
from the fact that Jacobians are self-dual. □ 

By Poincare complete reducibility |Mil86a| 12.1], Jc is isogenous to a product 
of simple abelian varieties. Suppose Jc is isogenous to E™ x A and A admits no 
non-zero morphisms to Eq. We say that "i?o appears in Jc with multiplicity m." 
Then it is clear from the corollary that E{K)/E{K)tor — Endfe(i?o)'" and so the 
rank of E{K) is m, 2m, or 4m. 

Tate and Shafarevich used these ideas to exhibit isotrivial elliptic curves over 
F — ¥p{t) of arbitrarily large rank. Indeed, using Tate's theorem on isogenics 
of abelian varieties over finite fields (reviewed in Section [S] of Lecture 0) and a 
calculation of zeta functions in terms of Gauss sums, they were able to produce 
a hyperelliptic curve C over Fp whose Jacobian is isogenous to E^ x A where Eq 
is a supersingular elliptic curve and the multiplicity m is as large as desired. If 
K = ¥p{C), E is the constant curve E = Eq x F, and E' is the twist of E by the 
quadratic extension K/F, then Rank£"(F) = RankE{K) and so E'{F) has large 
rank by the analysis above. See the original article |TS67| for more details and a 
series of articles by Elkies (starting with IElk94| ) for a beautiful application to the 
construction of lattices with high packing densities. 

7. Torsion 

An immediate corollary of the MWLN theorem is that E{K)tor is finite. In fact, 
E{K)tor is isomorphic to a group of the form 

Z/mZ X Z/nZ 

where m divides n and p does not divide m. (See for example |Sil09| Ch. 3].) One 
can also see using the theory of modular curves that every such group appears for 
a suitable K and E. 

In another direction, one can give uniform bounds on torsion that depend only 
on crude invariants of the field K. 

Indeed, in the constant case, E{K)tor ~ Eo{¥q) which has order bounded by 
(g^/^ -I- 1)^. In the isotrivial case, there is a finite extension K' with the same field 
of constants k = ¥q over which E becomes constant. Thus E{K)tor C E{L)tor 
again has cardinality bounded by (g^^^ -I- 1)^. 

We now turn to the non-isotrivial case. 

Proposition 7.1. Assume that E is non-isotrivial and let gc be the genus ofC. 
Then there is a finite {and effectively calculable) list of groups — depending only on 
gc andp — such that for any non-isotrivial elliptic curve E over K , E{K)tor appears 
on the list. 

Proof. (Sketch) First consider the prime-to-p torsion subgroup of E{K). It 
has the form G = Z/mZ x Z/nZ where m|n and p / m. There is a modu- 
lar curve X(m, n), irreducible and defined over Fp(/im), that is a coarse moduli 
space for elliptic curves with subgroups isomorphic to G. We get a morphism 
C — >■ X(m,n) which is non-constant (because E is non-isotrivial) and therefore 
surjeetive. The Riemann-Hurwitz formula then implies that gc > gx{m,n)- But the 
genus of X{m,n) goes to infinity with n. Indeed, gx(m,n) ^ 5x(i,n) and standard 
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genus formulae ( |Miy06[ 4.2]) together with crude estimation show that the latter 
is bounded below by 

V? n logn n 

1 H — — 

24C(2) 4 

This shows that for a fixed value of gc, only finitely many groups G as above can 
appear as E{K)tor- 

The argument for p-torsion is similar, except that ones uses the Igusa curves 
Ig{v^) (cf. IKM85, Ch. f2]). If E{K) has a point of order p", we get a non- 
constant morphism C Ig{p") and the genus of Ig{p") is asymptotic to p^"/48 
[Igu68l p. 96]. □ 

This proposition seems to have been rediscovered repeatedly over the years. 
The first reference I know of is |Lev68] . 

Since the genus of a function field is an analogue of the discriminant (more 
precisely is an analogue of the absolute value of the discriminant of a number 

field), the proposition is an analogue of bounding E{K)tor in terms of the discrim- 
inant of a number field K. One could ask for a strengthening where torsion is 
bounded by "gonality", i.e., by the smallest degree of a non-constant map C — )■ P^. 
This would be an analogue of bounding E{K)tor in terms of the degree of a number 
field K , as in the theorems of Mazur, Kamienny, and Merel |Mer96| . This is indeed 
possible and can be proven by mimicking the proof of the proposition, replacing 
bounds on the genus of the modular curve with bounds on its gonality. See |PooQ7j 
for the best results currently known on gonality of modular curves. 

Exercise 7.2. Compute the optimal list mentioned in the proposition for g — i). 
(This is rather involved.) Note that the optimal list in fact depends on p. Indeed, 
Z/llZ is on the list if and only if p = 11. 

One can be very explicit about p-torsion: 

Proposition 7.3. Suppose that E is a non-isotrivial elliptic curve over K . Then 
E{K) has a point of order p if and only if j(E) e Rp and A(E,uj) is a {p — l)st 
power in . 

Note that whether A{E, u) is a (p — l)st power is independent of the choice of 
the differential uj. 

Fr f \ V 

Proof. Let E — >■ E^'^' — >■ E be the standard factorization of multiplication 
by p into Frobenius and Verschiebung. Recall (e.g., [UlmQli 2.1]) that A{E,uj) is a 
{p — l)st power in K if and only if kerFr = fip if and only if ker V = Z/pZ if and 
only if there is a non-trivial p-torsion point in E'^p\K). 

Now suppose that P € E{K) is a non-trivial p-torsion point. Then Fr(P) is a 
non-trivial p-torsion point in E'^p^ (K) and so A{E, ui) is a (p— l)st power in K. Let 
E' be the quotient of E by the cyclic subgroup generated by P: E' — E/{P). Since 
(P) is in the kernel of multiplication by p, we have a factorization of multiplication 
by p: 

[p]: E^ E' ^ E. 

Since E ^ E' is etale of degree p and [p] is inseparable of degree p^, we have that 
E' ^ E \s purely inseparable of degree p. But an elliptic curve in characteristic p 
has a unique inseparable isogeny of degree p (namely the quotient by the unique 
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connected subgroup of order p, the kernel of Frobenius) so we have an identification 
E = E'^P\ By [in j{E) e KP. 

Conversely, suppose A{E,uj) is a (p — l)st power and j{E) G K^. Let E' be 
the elliptic curve such that E'^p') = E. Given a differential w on E, there is a 
differential uj' on E' such that A{E,uj) = A{E',uj')p (as can be seen for example 
by using Weierstrass equations). It follows that A{E',uj') is also a. (p — l)st power 
in K. Thus we have a non-trivial point of order p in E'^p\K) = E{K). □ 

Part of the proposition generalizes trivially by iteration: if E{K) has a point 
of order p", then j{E) S KP . A full characterization of torsion seems harder — 
the condition that A{E,ijj) be a (p — l)st power is closely related to the equations 
defining the Igusa curve Ig{p) f |KM85[ 12.8]), but we do not have such explicit 
equations for Ig{p^) when n > 1. 

8. Local invariants 

Let E be an elliptic curve over K and let w be a place of K . A model (|1.1.2[) for E 
with coefficients in the valuation ring 0(1,) is said to be integral at v. The valuation 
of the discriminant A of an integral model is a non-negative integer and so there 
are models where this valuation takes its minimum value. Such models are minimal 
integral models at v. 

Choose a model for E that is minimal integral at v: 



Let fli g k{v) be the reductions of the coefficients and let Ey be the plane cubic 



over the residue field Ky. It is not hard to check using Weierstrass equations that 
the isomorphism type of the reduced cubic (jS.ip is independent of the choice of 
minimal model. 

If the discriminant of a minimal integral model at v has valuation zero, i.e., 
is a unit at u, then the reduced equation defines an elliptic curve over Hy. If the 
minimal valuation is positive, then the reduced curve is singular. We distinguish 
three cases according to the geometry of the reduced curve. 

Definition 8.2. 

(1) If Ey is a smooth cubic, we say E has good reduction at v. 

(2) If Ey is a nodal cubic, we say E has multiplicative reduction at v. If the 
tangent lines at the node are rational over k{v) we say the reduction is 
split multiplicative and if they are rational only over a quadratic extension, 
we say the reduction is non-split multiplicative. 

(3) If Ey is a cuspidal cubic, we say E has additive reduction. 

Define an integer a„ as follows: 



+ aixy + a-^y — + a2X^ + a4X + ag. 



(8.1) 



2 3 2 

y + aixy + a^y = x + a2X + a^x + ag 




Qy + 1 — #Ey{Ky) If E liss good reduction at v 

1 if has split multiplicative reduction at v 

— 1 if _B has non-split multiplicative reduction at v 

if -B has additive reduction at v 
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Exercise 8.4. To make this definition less ad hoc, note that in the good reduction 
case, the numerator of the ^-function of the reduced curve is 1 — ai,g~* + ql'^"- 
Show that in the bad reduction cases, the ('-function of the reduced curve is 

1 - ayq'" 



In the good reduction case, the results about zeta functions and etale cohomol- 
ogy reviewed in Lecture 0, Sections [3] and H] imply the "Hasse bound": |a„| < 2y^. 

There are two more refined invariants in the bad reduction cases: the Neron 
model and the conductor. The local exponent of the conductor at v, denoted riy is 
defined as 



(8.5) 



i{ E has good reduction at v 

1 if has multiplicative reduction at v 

2 + 6,, if E has additive reduction at v 



Here Sy is a non- negative integer that is when p > 3 and is > when p = 2 or 3. 
We refer to [Tat75| for a definition and an algorithm to compute 6^. 

The (global) conductor of E is defined to be the divisor n = I''^] • 

degree is deg n = ^^ny deg v. 

The Neron model will be discussed in Lecture 3 below. 

Exercise 8.6. Mimic jSil091 Ch. VII] to define a filtration on the points of E over 
a completion Ky of K. Show that the prime-to-p part of E{K)tor maps injectively 
into E{Ky)/E{Ky)i. Relate E{Ky)/E{Ky)i to the special fiber of the Neron model 
of E at V. As in the classical case, this gives an excellent way to bound the prime- 
to-p part of E{K)tor- 

9. The L-function 

We define the L- function of E/K as an Euler product: 

(9.1) L{E,T)^ Yl (l-a«T'^'^'' + g„r2'i<=s"-)-i J-j- (i_a^2-dcg 1,^-1 

good V bad v 

and 

L{E,s)^L{E,q-'). 

(Here T is a formal indeterminant and s is a complex number. Unfortunately, 
there is no standard reasonable parallel of the notations Z and C to distinguish the 
function of T and the function of s.) Because of the Hasse bound on the size of 
flu, the product converges absolutely in the region Res > 3/2, and as we will see 
below, it has a meromorphic continuation to all s. 

When E is constant it is elementary to calculate L{E, s) in terms of the zeta- 
functions of Eq and C. 

Exercise 9.2. Suppose that E = Eq Xk K. Write the (-functions of Eq and C as 
rational functions: 



and 

C(C,s) = 



nLi(i-«.g'^) 
(i-(/-^)(i-gi-«) 

(l-g--)(l-qi--)' 



20 



DOUGLAS ULMER, ELLIPTIC CURVES OVER FUNCTION FIELDS 



Prove that 



Thus L{E, s) is a rational function in g""* of degree — 4, it extends to a 
meromorphic function of s, and it satisfies a functional equation for s ^ 2 — s. 
Its poles lie on the lines Res = 1/2 and Res = 3/2 and its zeroes lie on the line 
Res = 1. 

Although the proofs are much less elementary, these facts extend to the non- 
constant case as well: 

Theorem 9.3. Suppose the E is a non-constant elliptic curve over K . Let n be the 
conductor of E. Then L(E,s) is a polynomial in q^" of degree N — 4gc — 4 + degn, 
it satisfies afunctional equation for s O 2 — s, and its zeroes lie on the line Res — 1. 
More precisely, 

N 

L{E,s)^l[{l-a,q-') 

i=l 

where each ai is an algebraic integer of absolute value q in every complex embedding. 
The collection of ai (with multiplicities) is invariant under ai 1— q'^/ui. 

The theorem is a combination of results of Grothendieck, Deligne, and others. 
We will sketch a proof of it in Lecture 4. 

Note that in all cases L{E,s) is holomorphic at s = 1. In the non-constant 
case, its order of vanishing at s = 1 is bounded above by N and it equals N if and 
only if L(£;, s) = {1 - q^-")^ . 

10. The basic BSD conjecture 

This remarkable conjecture connects the analytic behavior of the function L{E, s), 
constructed from local data, to the Mordell-Weil group, a global invariant. 

Conjecture 10.1 (Birch and Swinnerton-Dyer). 

Ra.BkE{K) = ord,,=i L{E, s) 

The original conjecture was stated only for elliptic curves over Q [BSD65| but 
it is easily seen to make sense for abelian varieties over global fields. There is 
very strong evidence in favor of it, especially for elliptic curves over Q and abelian 
varieties over function fields. See [GrolOl Lecture 3, §4] for a summary of the best 
theoretical evidence in the number field case. We will discuss what is known for 
elliptic curves in the function field case later in this course. See Section [T^] for 
statements of the main results and [Ulmll] for a discussion of the case of higher 
dimensional abelian varieties over function fields. 

11. The Tate-Shafarevich group 

We define the Tate-Shafarevich group of E over K as 

K{E/K) = ker (^H\K,E) ~> JJ^^ (^^^ ■ 

Here the cohomology groups can be taken to be Galois cohomology groups: 

H\K,E)^H\Gk,E{K'^p)) 
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and similarly for H^{Ky,E); or they can be taken as etale or flat cohomology 
groups of Spec K with coefficients in the sheaf associated to E. The flat cohomology 
definition is essential for proving finer results on p-torsion in i]L{E/K). 

Exercise 11.1. Show that the group H^{K, E) (and therefore M{E/K)) is torsion. 
Hint: Show that given a class c € H^(K, E), there is a finite Galois extension L/K 
such that c vanishes in H^{L, E). 

The refined BSD conjecture relates the leading coefficient of L{E, s) at s = 1 to 
invariants of E including heights, Tamagawa numbers, and the order of i^{E/K). 
In particular, the conjecture that i^{ElK) is finite is included in the refined BSD 
conjecture. We will not discuss that conjecture in these lectures, so we refer to 
[GrolO] and |Ulmll) for more details. 

12. Statements of the main results 

Much is known about the BSD conjecture over function fields. We start with general 
results. 

Theorem 12.1. Let E be an elliptic curve over a Junction field K . Then we have: 

(1) Rank E{K) < ord^^i L{E, s) . 

(2) The following are equivalent: 

• Rank E{K) = ord^^i L{E, s) 

• M{E/K) is finite 

• for any one prime number £ (£ = p is allowed), the £-primary part 
M{E/K)ioa is finite. 

(3) // K' / K is a finite extension and if the BSD conjecture holds for E over 
K' , then it holds for E over K . 

The theorem was proven by Tate |Tat66b| and Milne |Mil75| and we will sketch 
a proof in Lecture 3. When the equivalent conditions of Item [5] hold, it turns out 
that the refined BSD conjecture automatically follows. (This is also due to Tate 
and Milne and will be discussed in detail in lUlmll] .) 

We now state several special cases where the conjecture is known to be true. 
As will be seen in the sequel, they all ultimately reduce either to Tate's theorem 
on isogenics of abelian varieties over finite fields (Theorem 16.11 of Lecture 0) or to 
a theorem of Artin and Swinnerton-Dyer on KZ surfaces [ASD73| . 

Theorem 12.2. // E is an isotrivial elliptic curve over a function field K , then 
the BSD conjecture holds for E. 

Recall that a constant curve is also isotrivial. 

To state the next result, we make an ad hoc definition. If E is an elliptic curve 
over K = ¥q{t) we define the height h oi E to be the smallest non- negative integer 
such that E can be defined by a Weierstrass equation (|l.l.ip where the are all 
polynomials and deg(ai) < hi. For example, the curves Ei and E2 in Subsection ll.2l 
have height h — and the other curves E^, ... Eg there all have height h = 1. See 
Section 2] of Lecture 3 below for a more general definition. 

Theorem 12.3. Suppose that K — k{t) and that E is an elliptic curve over K of 
height h < 2. Then the BSD conjecture holds for E. 
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Note that this case overlaps the preceding one since an elUptic curve over k{t) 
is constant if and only if its height is zero (cf. Proposition 14. II in Lecture 3). 

The following case is essentially due to Shioda 'Shi86|. To state it, consider a 
polynomial / in three variables with coefficients in k which is the sum of exactly 4 
non-zero monomials, say 

j=l 3=1 

where the Ci S k are non-zero. Set ei4 — 1~ X)j=i ^ij ^'^d let A be the 4x4 integer 
matrix A = {eij). If det A ^ (mod p), we say that / satisfies Shioda's condition. 
Note that the condition is independent of the order of the variables Xj . 

Theorem 12.4. Suppose that K — kit) and that E is an elliptic curve over K . 
Suppose that E is birational to a plane curve V{f) C where f is a polynomial 
in k[t,x,y] C K[x,y] which is the sum of exactly 4 non-zero monomials and which 
satisfies Shioda's condition. Then the BSD conjecture holds for E. 

For example, the theorem applies to the curves E4, Ej, Eg,, and Eg of Subsec- 
tion [T|2] over K = ¥q{t) for any prime power q. It applies more generally to these 
curves when t is replaced by for any d prime to p. Note that when d is large, 
the height of the curve is also large, and so we get cases of BSD not covered by 
Theorem [1231 

Finally we state another more recent and ultimately much more flexible special 
case due to Lisa Berger |Ber08| . 

Theorem 12.5. Suppose that K — kit) and that E is an elliptic curve over K . 
Suppose that E is birational to a plane curve of the form 

where f and g are rational functions of one variable and d is prime to p. Then the 
BSD conjecture holds for E. 

Here one should clear denominators to interpret the equation / = f^g (or 
work in a Zariski open subset of the plane). For example, if f{x) = x{x — 1) and 
g{y) = 2/^/(1 — y) then we have the plane curve over K — kit) defined by 

a;(x-l)(l-y)=iV 
which turns out to be birational to 

y'^ + xy + f^y = x^ + f^x^. 
13. The rest of the course 

The remainder of these lectures will be devoted to sketching the proofs of most of 
the main results and applying them to construct elliptic curves of large rank over 
function fields. 

More precisely, in Lecture 2 we will review facts about surfaces and the Tate 
conjecture on divisors. This is a close relative of the BSD conjecture. 

In Lecture 3 we will explain the relationship between the BSD and Tate con- 
jectures and use it to prove the part of Theorem 112.11 related to ^ 7^ p as well as 
most of the other theorems stated in the previous section. 
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In Lecture 4 we will recall a general result on vanishing of L-functions in towers 
and combine it with the results above to obtain many elliptic curves of arbitrarily 
large rank. 

In Lecture 5, we will give other applications of these ideas to ranks of elliptic 
curves and explicit points. 



LECTURE 2 



Surfaces and the Tate conjecture 

1. Motivation 

Consider an elliptic curve E/K and suppose that K = k{t) and that we choose 
an equation for E as in Lecture 1 , equation (11.1. 2p where the a; are in k [t] . Then 
(|1.1.2p . viewed in K[x,y\, defines an affine open subset of an elliptic curve E. But 
if we view it as an equation in k[t, x, y], it defines an affine surface with a projection 
to the affine t line. The generic fiber of this projection is the affine curve just 
mentioned. 

With a little more work (discussed in the next lecture), for any E over K = k{C) 
we can define a smooth projective surface £ over k with a morphism tt : f — ^ C whose 
generic fiber is E. Obviously there will be close connection between the arithmetic 
of £ and that of E. Although £ has higher dimension than it is defined over the 
finite field k and as a result we have better control over its arithmetic. Pursuing 
this line of inquiry leads to the main theorems stated at the end of the previous 
section. 

In this lecture, we discuss the relevant facts and conjectures about surfaces over 
finite fields. In the next lecture we will look carefully at the connections between 
£ and E and deduce the main classical theorems. 

There are many excellent references for the general theory of surfaces, including 
[Bea96| , jBHPV04) , and [BadOl] . We generally refer to (BadOl) below since it works 
throughout over a field of arbitrary characteristic. 



2. Surfaces 

Let fc = Fq be a finite field of characteristic p. As always, by a surface over k 
we mean a purely 2-dimensional, separated, reduced scheme of finite type over k. 
Such a scheme is automatically quasi-projective and is projective if and only if it is 
complete |BadOH 1.28]. Since k is perfect, a surface A" is a regular scheme if and 
only a X Specfc is a smooth morphism (e.g., (Liu021 4.3.3, Exer. 3.24]). We 
sloppily say that "A" is smooth" if these conditions hold. Resolution of singularities 
is known for surfaces: For any surface X, there is a proper birational morphism 
X X with X smooth. (We may even take this morphism to be a composition 
of normalizations and blow ups at closed points |Lip78| . See also |Art86) for a nice 
exposition.) Therefore, every surface is birational to a smooth projective surface. In 
the cases of interest to us, this can be made very explicit in an elementary manner. 

Throughout we assume that A" is a smooth, projective, absolutely irreducible 
surface over k and we assume that X{k) is non-empty, i.e., X has a fc-rational point. 
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3. Divisors and the Neron-Severi group 

We give a lightning review of divisors and equivalence relations on divisors. See, 
for example, |Har77[ V.l] for more details. 

3.1. Divisor classes 

A (Weil) divisor is a finite formal Z-linear combination of reduced, closed, codi- 
mension 1 subvarieties of X: 

D = Y,azZ. 

In other words, the set of divisors is the free abelian group on the reduced, closed, 
codimension 1 subvarieties on X . 

If Z is a reduced, closed subvariety of X of codimension 1, there is an associated 
valuation 

ordz : k{XY' Z 
that sends a rational function to its order of zero or pole along Z. 
A rational function / on A' has a divisor: 

Div(/) = ^ordz(/)Z. 
z 

A divisor D is said to be linearly equivalent to zero if there is a rational function 
/ such that Div(/) = D. Two divisors D and D' are linearly equivalent if their 
difference D — D' is linearly equivalent to zero. 

The group of divisors modulo those linear equivalent to zero is the divisor class 
group DivCl{X). It is a fundamental invariant of X. 

3.2. The Picard group 

Let Pic{X) be the Picard group of X, i.e., the group of isomorphism classes of 
invertible sheaves on X with group law given by the tensor product. There is a 
cohomological calculation of Pic(A'): 

Pic{X) = H\X,Ox). 

The map sending a divisor D to the invertible sheaf Ox (D) induces an isomor- 
phism DivCl{X)^Fic{X). 

3.3. The Neron-Severi group 

As usual, we write X ioi X Xk k. We first introduce the notion of algebraic equiva- 
lence for divisors on X. Intuitively, two divisors D and D' are algebraically equiv- 
alent if they lie in a family parameterized by a connected variety (which we may 
take to be a smooth curve). More precisely, if T is a smooth curve over k and 
V C X XjT is a divisor that is flat over T, then we get a family of divisors on 
X parameterized by T: t G T corresponds to A" x {t} D T). Two divisors Di and 
D2 on X are algebraically equivalent if they lie in such a family, i.e., if there is 
a curve T and a divisor V as above and two points ti and ^2 G T{k) such that 
Di = X x-^ {ti] C^ T) . {A priori , to ensure transitivity of this relation we should 
use chains of equivalences (see |Har771 Exer. V.l. 7]) but see |Ful841 10.3.2] for an 
argument that shows the definition works as is.) Note that linear equivalence is 
algebraic equivalence where T is restricted to be f |Har771 Exer. V.l. 7]) and so 
algebraic equivalence is weaker than linear equivalence. 

The group of divisors on X modulo those algebraically equivalent to zero is the 
Neron-Severi group NS(A'). A classical (and difficult) theorem, the "theorem of 
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the base," says that NS{X) is finitely generated. See [LN59] and |SGA61 XIII.5.1] 
for proofs and Lecture 3 below for more discussion. See also |Con06] for a modern 
discussion of the results in |LN59| . 

Since linear equivalence is weaker than algebraic equivalence, NS(A') is a quo- 
tient of Pic(^). 

We define NS(A') to be the image of Div(A') in NS(A') or equivalently the image 
of Pic(A') in NS(A'). Thus NS(A') is again a finitely generated abelian group. As 
we will see, it is of arithmetical nature. 

Exercise 3.3.1. Let Gk = Ga\{k/k). Show that NS(A') is the group of invariants 
NS(A')'^''. You will need to use that fc is a finite field. 



4. The Picard scheme 

We define Pic'^(A') as the kernel of the surjection Pic(A') — > NS(A'). In order 
to understand this group better, we will introduce more structure on the Picard 
group. The main fact we need to know is that the group Pic^{X x k) is the set of 
points on an abelian variety and is therefore a divisible group. (Le., for every class 
c e Pic^{X X k) and every positive integer n, there is a class c' such that nc' = c.) 
Readers willing to accept this assertion can skip the rest of this section. 

The Picard group Pic(A') is the set of fc-points of a group scheme. More pre- 
cisely, under our hypotheses on X there is a group scheme called the Picard scheme 
and denoted Pic y which is locally of finite type over k and represents the relative 
Picard functor. This means that if T — > 5 = Spec fc is a morphism of schemes and 
ttt ■ Xt := X Xspccfc T — > T is the base change then 

^x/^^^> - ,r*Pic(r)- 

Here the left hand side is the group of T- valued points of Pic y /^.. See |Kle05) for 
a thorough and detailed overview of the Picard scheme, and in particular |Kle05[ 
9.4.8] for the proof that there is a scheme representing the relative Picard functor 
as above. 

We write Pic *^ /j. for the connected component of PiC y y^. containing the identity. 
Under our hypotheses, Pic^ ^ geometrically irreducible projective group scheme 
over k |Kle05[ 9.5.3, 9.5.4]. It may be non-reduced. (See examples in |Igu55 and 
|Ser58| and a full analysis of this phenomenon in |Mum66j .) We let PicVaix/k = 

( Pic^ //c ) J the Picard variety of X over fc, which is an abelian variety over fc. 

V / red 

If k' is a field extension of fc, we have 

Pic°(A'feO = Pic^/fc(fc') = PicVar;,/fc(fc') 

so that Pic° {Xk' ) is the set of points of an abelian variety. 

By [Kle051 9.5.10], Pjdx/kik) = Pic°(A'), in other words, the class of a divisor 
in Pic(A') lies in PkP{X) if and only if the divisor is algebraically equivalent to 0. 



5. Intersection numbers and numerical equivalence 

There is an intersection pairing on the Neron-Severi group: 



NS{X) X NS(A') ^ Z 
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which is bihnear and symmetric. If D and D' are divisors, we write D.D' for their 
intersection pairing. 

There are two approaches to defining the pairing. In the first approach, one 
shows that given two divisors, there are divisors in the same classes in NS(A') (or 
even the same classes in Pic(A')) that meet transversally. Then the intersection 
number is literally the number of points of intersection. The work in this approach 
is to prove a moving lemma and then show that the resulting pairing is well defined. 
See |Har77[ V.l] for the details. 

In the second approach, one uses coherent cohomology. If £ is an invertible 
sheaf on X, let 

2 

X(/:) - 5](-l)Mimfe H\X,L) 

2 = 

be the coherent Euler characteristic of C. Then define 

D.D' = x{Ox) ~ x{Ox{-D)) - x(Ox{-D')) + x(Ox{-D - D')). 

One checks that if C is a smooth irreducible curve on X , then CD = deg 0;t'(-D)|c 
and that if C and C are two distinct irreducible curves on X meeting transversally, 
then C.C is the sum of local intersection multiplicities. See |Bea96[ 1.1-7] for 
details. (Nowhere is it used in this part of [Bea96' that the ground field is C.) 

Two divisors D and D' are said to be numerically equivalent if D.D" ~ D' .D" 
for all divisors D" . If Num(A') denotes the group of divisors in X up to numerical 
equivalence, then we have surjections 

Pic(A') ^ m{X) Num(A') 

and so Num(A') is a finitely generated group. It is clear from the definition that 
Num(A') is torsion-free and so we can insert NS(A')/tor (Neron-Severi modulo tor- 
sion) into this chain: 

Pic(A') -» NS(A') ^ NS(A')/tor ^ Num(A'). 
6. Cycle classes and homological equivalence 

There is a general theory of cycle classes in ^-adic cohomology, see for example 



SGA4i [Cycle]]. In the case of divisors, things are much simpler and we can 
construct a cycle class map from the Kummer sequence. 

Indeed, consider the short exact sequence of sheaves on X for the etale topology: 

Q ^ ^ll^ ^ Gm > 0. 

(The sheaves /z^^ and are perfectly reasonable sheaves in the Zariski topology 
on X , but the arrow in the right is not surjective in that context. We need to use 
the etale topology or a finer one.) Taking cohomology, we get a homomorphism 

Pic{x)/r = H\x, G™)/r ^ H^(x,^li,^). 

Since Pic*' (A") is a divisible group, we have NS{X)/£"- — Pic{X)/£"- and so taking 
an inverse limit gives an injection 

NS(X)®Ze H^(X, Ze{l)). 

Composing with the natural homomorphism NS(A') — > NS(A') gives our cycle 
class map 

(6.1) NS(A') ^ NS{X) H^(X, Ze{l)). 
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We declare two divisors to be {£-)homologicaUy equivalent if their classes in 
H'^{X,'Z({1)) are equal. (We will see below that this notion is independent of £.) 
The group of divisors modulo homological equivalence will (temporarily) be denoted 
Homol(A'). It will turn out to be a finitely generated free abelian group. 

The intersection pairing on NS{X) corresponds under the cycle class map to 
the cup product on cohomology. This means that a divisor that is homologically 
equivalent to zero is also numerically equivalent to zero. Thus we have a chain of 
surjections: 

Pic{X) -» NS(A') -» NS(A')/tor ^ Homo^A") Nnm{X). 

7. Comparison of equivalence relations on divisors 

A theorem of Matsusaka |Mat57| asserts that the surjection 

m{X)/tor Num(A') 

is in fact an isomorphism. Thus 

m{X)/tor = HomoKA") = Num(A') 

and these groups are finitely generated, free abelian groups. Since NS(A') is finitely 
generated, NS(A')tor is finite. 

In all of the examples we will consider, NS(A') is torsion free. (In fact, for 
an elliptic surface with a section, the surjection NS(A') — > Num(A') is always an 
isomorphism, see |SS09[ Theorem 6.5].) So to understand Pic(A') we have only to 
consider the finitely generated free abelian group NS(A') and the group Pic°(A'), 
which is (the set of points of) an abelian variety. 

Exercise 7.1. In the case of a surface X over the complex numbers, use the 
cohomology of the exponential sequence 

to analyze the structure of Pic(A'). 

8. Examples 

8.1. P2 

It is well known (e.g., |Har77| II. 6. 4]) that two curves on are linearly equivalent 
if and only if they have the same degree. It follows that Pic(P^) = NS(P^) ^ Z. 

8.2. pi X pi 

By |Har77| II. 6. 6.1], two curves on P^ x P^ are linearly equivalent if and only if they 
have the same bi-degree. It follows that Pic(pi x P^) = NS(pi x P^) ^ Z^. 

8.3. Abelian varieties 

If X is an abelian variety (of any dimension 5), then Pic°(A') is the dual abelian 
variety and NS(A') is a finitely generated free abelian group of rank between 1 and 
Ag^. See |Mum08) for details. 
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8.4. Products of curves 

Suppose that C and T) are smooth projective curves over k with fc-rational points 
X € C and y G V. By definition (see Subsection 15.11 of Lecture 0), the group of 
divisorial correspondences between {C,x) and {'D,y) is a subgroup of Pic(C x V) 
and it is clear that 

Pic(C xV)^ Pic(C) X Pic(2?) X DivCorr((C,x),(2?,y)) 

^ Pic°(C) X Pic" (2?) X X DivCorr ((C, x), (P, y)) . 

Moreover, as we saw in Lecture 0, 

DivCorr ((C, a;), (I), y)) =^ Honi( Jc, Jp) 

is a discrete group. It follows that 

(8.4.1) Pic°(C xV)^ Pic"(C) X Pic°(X>) 
and 

(8.4.2) NS(C xV)^Z^ X Hom( Jc, Jp). 

This last isomorphism will be important for a new approach to elliptic curves of 
high rank over function fields discussed in Lecture 5. 

8.5. Blow ups 

Let A" be a smooth projective surface over k and let tt : 3^ — ?► A' be the blow up of 
X dX a. closed point x d X so that E = 7r~^(x) is a rational curve on y. Then we 
have canonical isomorphisms 

Pic(3^) Pic(A') e Z and NS(3^) NS(A') ® Z 

where in both groups the factor Z is generated by the class of E. See |Har77[ V.3.2]. 

8.6. Fibrations 

Let A" be a smooth projective surface over k, C a smooth projective curve over fc, 
and IT : X ^ C a non-constant morphism. Assume that the induced extension of 
function fields k{C) k{X) is separable and k{C) is algebraically closed in k{X). 
Then for every closed point y £ C, the fiber 7r~^(y) is connected, and it is irreducible 
for almost all y. Write F for the class in NS(A') of the fiber over a /c-rational point 
y oi C. (This exists because we assumed that X has a fc-rational point.) We write 
{F) for the subgroup of NS(A') generated by F. 

It is clear from the definition of NS(A') that if y' is another closed point of C, 
then the class in NS(A') of 7r^^(y') is equal to (deg?;')F. 

Now suppose that z G C is a closed point such that 7r^^(z) is reducible, say 

f. 

i=l 

where the Zi are the irreducible components of 7r~^(z) and the are their mul- 
tiplicities in the fiber. Then a consideration of intersection multiplicities (see for 
example |Sil941 III. 8]) shows that for any integers mi, 

^m,Z, e (F) CNS(A') 

i 

if and only if there is a rational number a such that mi = arii for all i. More 
precisely, the intersection pairing restricted to the part of NS(A') generated by the 
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classes of the Zi is negative semi-definite, with a one-dimensional kernel spanned 
by integral divisors that are rational multiples of the whole fiber. It follows that 
the subgroup of NS(A')/(i^) generated by the classes of the Zi has rank — 1. It 
is free of this rank if the gcd of the multiplicities ni is 1. 

It also follows that if _D is a divisor supported on a fiber of tt and D' is another 
divisor supported on other fibers, then D — D' va NS(A')/(F) if and only if D = 
D' = in m{X)l{F). 

Define l? NS(A') to be the subgroup of NS(A') generated by all components of 
all fibers of tt over closed points of C. By the above, it is the direct sum of the 
(F) and the subgroups of NS(A')/(F) generated by the components of the various 
fibers. Thus we obtain the following computation of the rank of I? NS(A'). 

Proposition 8.6.1. For a closed point y of C, let fy denote the number of irre- 
ducible components in the fiber Tr^^{y). Then the rank ofL^NS{X) is 

y 

If for all y the greatest common divisor of the multiplicities of the components in 
the fiber of tt over y is 1, then L^NS(A') is torsion-free. 

9. Tate's conjectures Ti and T2 

Tate's conjecture Ti for X (which we denote Ti{X)) characterizes the image of the 
cycle class map: 

Conjecture 9.1 {Ti{X)). For any prime (. ^ p, the cycle class map induces an 
isomorphism 

m{X)®Qi^ H\X, Q,(l))<='= 

We will see below that Ti{X) is equivalent to the apparently stronger integral 
statement that the cycle class induces an isomorphism 

NS(A') (g) ^ H'^{X, M^))^' 

We will also see that Ti{X) is independent of £ which is why we have omitted 
£ from the notation. 

Since Gk is generated topologically by Fr,, we have 

H^(X,Qe{l)f'' = H^(X,Qe{l)f'''=^ = H^(X,qef''^='' . 

The injectivity of the cycle class map implies that 

RankNS(A') < dimQ, H^(X,Qi)^''''='' 

and Ti{X) is the statement that these two dimensions are equal. 

The second Tate conjecture relates the zeta-function to divisors. Recall that 
C{X, s) denotes the zeta function of X, defined in Lecture 0, Section [31 

Conjecture 9.2 iT2{X)). We have 

RankNS(A') = - ord,=i ({X, s) 

Note that by the Riemann hypothesis, the poles of Ci^j s) at s = 1 come from 
P2{X , q~''). More precisely, using the cohomological formula ()4.1|) of Lecture for 
P2, we have that the order of pole of ({X, s) at s = 1 is equal to the multiplicity of 
q as an eigenvalue of Frq on H'^{X, Qg). 
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Thus we have a string of inequahties 

(9.3) RankNSCA") < dimq, H'^(X,Qef < ^ ords^i C{X , s) . 

Conjecture Ti{X) is that the first inequahty is an equahty and conjecture T2{X) is 
that the leftmost and rightmost integers are equaL It follows trivially that T2{X) 
implies Ti(X). Tate proved the reverse implication. 

Proposition 9.4. The conjectures Ti{X) andT2{X) are equivalent. In particular, 
Ti{X) is independent of l. 

Proof. First note that the intersection pairing on NS(A') is non-degenerate, 
so we get an isomorphism 

m{X) ® ^ Hom(NS(A'), Q^). 

On the other hand, the cup product on (^^(l)) is also non-degenerate (by 

Poincare duality), so we have 

H^{X, (Q,(l)) ^ ^oMH^{X, Q,(l)), Q,). 

If we use a superscript Gk to denote invariants and a subscript Gk to denote coin- 
variants, then we have a natural homomorphism 

H-'(X,Qt{l)f' ^ H''(XMI))g, 

which is an isomorphism if and only if the subspace of H^{X, (1)) where Fr^ acts 
by 1 is equal to the whole of the generalized eigenspace for the eigenvalue 1. As we 
have seen above, this holds if and only if we have 

dimQ, H\X, (Q,)^'''=« - - ord.^i ({X, s). 

Now consider the diagram 

NS(A') ® Qe ^^^^^^^^^^^^= Hom(NS(A'), ) 

i/2(A^,Q,(l))G. _Ui72(:^,Q,(l))G, ^=Hom(i/2(A^,Q,(l))G.^Q,). 

The lower right arrow is an isomorphism by elementary linear algebra. The maps 
h and h* are the cycle map and its transpose and they are isomorphisms if and 
only if Ti{X) holds. One checks that the diagram commutes ( |Tat66bl p. 24] or 
[Mil75| Lemma 5.3]) and so Ti{X) implies that / is an isomorphism. Thus Ti{X) 
implies T2{X). □ 

We remark that the equality of dimQ^ H^(A', Q^)-'^''''^' and —oids=iC{X,s) 
would follow from the semi-simplicity of Frg acting on H^{X, Qi) (or even from its 
semisimplicity on the Frq = q generalized eigenspace). This is a separate "stan- 
dard" conjecture (see for example |Tat94p : it does not seem to imply Ti{X). 

10. Ti and the Brauer group 

We define the (cohoniological) Brauer group Bt{X) by 

Br(X) = H^{X,G,n) = H\X,0^) 

(with respect to the etale or finer topologies). Because A" is a smooth proper surface 
over a finite field, the cohomological Brauer group is isomorphic to the usual Brauer 
group (defined in terms of Azumaya algebras) and it is known to be a torsion group. 
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(See |Mil80| IV. 2] and also three fascinating articles by Grothendieck collected in 
|Gro68] .) Artin and Tate conjectured in |Tat66bj that Br(A') is finite. 
Similarly, define 

Br(A') = H^(X, G,„) = H^(X, O^). 

This group is torsion but need not be finite. 

Taking the cohomology of the exact sequence 

as in Section [51 we have an exact sequence 

(10.1) 0^ NS(:Y)/£" ^ H'^(X,nen) Br(A')£. ^ 0. 

Taking Gfc-invariants and then the inverse limit over powers oi £, we obtain an exact 
sequence 

-> NS(A') (g)Z£ ^ H^(X,Ze{l) f'' TeBr{X) 0. 
Since BT{X)i is finite, T£Br{X) is zero if and only if the ^-primary part of Br(A') 
is finite. It follows that the £ part of the Brauer group is finite if and only if Ti{X) 
for £ holds if and only if the integral version of Ti{X) for £ holds. In particular, 
since Ti{X) is independent of £, if Bi:{X)[£°°] is finite for one £, then Br{X)[£°°] is 
finite for all £ p. It is even true, although more difficult to prove, that Ti{X) is 
equivalent to the finiteness of Bi{X). 

Theorem 10.2. Ti{X) holds if and only if Bt(X) is finite if and only if there is 
an £ {£ = p allowed) such that the £-primary part of Br(A') is finite. 

Proof. We sketch the proof of the prime-to-p part of this assertion following 
|Tat66b] and refer to |Mil75j for the full proof. We already noted that the ^-primary 
part of Br(A') is finite for one £ 7^ p if and only if Ti{X) holds. To see that almost 
all ^-primary parts vanish, we consider the following diagram, which is an integral 
version of the diagram in the proof of Proposition 19.41 

NS(A') (g) Ze Hom(NS(A') (g) Ze,Zi) = Hom(NS(A') (g) Qi/Ze, Qe/Ze) 



H^iX,Zeil)r''^^H^X,Zi{l))G,^Bom{HHX,iQ,/Zi){l)f>',Qi/Zi) 

Here e is induced by the intersection form, h is the cycle class map, / is induced 
by the identity map of H^{X, Zi{l)) and g* is the transpose of a map 

g : NS(A') (g Q,/Z, ^ H^(X, {Qi/Ze){l)) 

obtained by taking the direct limit over powers of £ of the first map in equa- 
tion (|TOJl) . 

We say that a homomorphisni : A — > i? of Z^-modules is a quasi- isomorphism 
if it has a finite kernel and cokernel. In this case, we define 

#ker(0) 
~ #coker((/.)' 

It is easy to check that if ^3 — 02 01 (composition) and if two of the maps 0i, 02, 
03 are quasi-isomorphisms, then so is the third and we have ^(03) = z(02)z(0i). 

In the diagram above, if we assume Ti{X), then h is an isomorphism. The 
map e is induced from the intersection pairing and is a quasi-isomorphism and 
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z{e) is (the £ part of) the order of the torsion subgroup of NS(A') divided by (the 
i part of) discriminant of the intersection form. We saw above that under the 
assumption of Ti{X), the map / is a quasi-isomorphism and it turns out that z{f) 
is essentially (the £ part of) the leading term of the zeta function Ci'^i s) at s = 1. 
In particular, under Ti(A'), e, /, and h are isomorphisms for almost all £. The same 
must therefore be true of g* . By taking Gfc-invariants and a direct limit over powers 
of £ in equation (jlO.ip . one finds that z{g*) is equal to the order of Br(A')[£°°] and 
so this group is trivial for almost all £. This completes our sketch of the proof of 
the theorem. □ 

The sketch above has all the main ideas needed to prove that the prime-to-p part 
of the Artin-Tate conjecture on the leading coefficient of the zeta function at s = 1 
follows from the Tate conjecture Ti{X). The p-part is formally similar although 
more delicate. To handle it, Milne replaces the group in the lower right of the 
diagram with the larger group }iom{H^{X, ((Qp/Zp)(l)), Qp/Zp). The z invariants 
of the maps to and from this group turn out to have more p-adic content that 
is related to the term q^iX) in the Artin-Tate leading coefficient conjecture. We 
refer to jMil75j for the full details and to |Ulmll| for a discussion of several related 
points, including the case p — 2 (excluded in Milne's article, but now provable due 
to improved p-adic cohomology) and higher dimensional abelian varieties. 

11. The descent property of Ti 

If A" —> A" is the blow up of A" at a closed point, then Ti{X) is equivalent to 
Ti{X). Indeed, under blowing up both the rank of NS(-) and the dimension of 
iJ^(-, Q^(l))*^'= increase by one. (See Example |83] above.) In fact: 

Proposition 11.1. Ti(X) is invariant under birational isomorphism. More gen- 
erally, if X ^ y is a dominant rational map, then Ti{X) implies Ti{y). 

Proof. We give simple proof of the case where X and y are surfaces. See 
|Tat94j for the general case. 

First, we may assume X--*y is a morphism. Indeed, let A — A be a blow up 
resolving the indeterminacy of X---*y, i.e., so that the composition X — X-^^y 
is a morphism. As we have seen above 71 (A") implies Ti(A') so we may replace X 
with X and show that Ti(y) holds. 

So now suppose that tt : Af — >■ 3^ is a dominant morphism. Since the dimensions 
of X and y are equal, tt must be generically finite, say of degree d. But then the 
push forward and pull-back maps on cycles present NS(3^) (g) as a direct factor of 
NS{X)®Qi; they also present ij2 (3;, Q^(i)) as a direct factor of Q£(l)). The 

cycle class maps and Galois actions are compatible with these decompositions and 
since by assumption NS{X) ® Qi^H'^(X ,i^i,{l))^>' , we must also have NS{y) ® 

Q^^i^2(5',QKl))°^i•e■, ri(3^). □ 

Note that the dominant rational map A'--->3^ could be a ground field extension, 
or even a purely inseparable morphism. 

12. Tate's theorem on products 

In this section we sketch how Ti for products of curves follows from Tate's theorem 
on endomorphisms of abelian varieties over finite fields. 
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Theorem 12.1 (Tate). Let C and V he curves over k and set X = C Xk T). Then 
Ti{X) holds. 

Proof. Extending k if necessary, we may assume that C and V both have 
rational points. Fix rational base points x and y (which we will mostly omit from 
the notation below). Recall from Subsection 18.41 that 

NS(C xV) = Z^x DivCorr(C,X>) = x Hom( Jc, Jp). 

By the Kiinneth formula, 

H^X, Qi) ^ {H^iC, Qi) ® i/"(P, Qe)) ® (i/°(C, Q,) ^ H^{V, Q^)) 

Twisting by and taking invariants, we have 

Under the cycle class map, the factor I? of NS(A') (corresponding to C x {y} and 
{x} X T)) spans the factor of H^{X, ^£(1))'^'= (corresponding to iJ^ «) H° and 
(E) in the Kunneth decomposition) . Thus what we have to show is that the 
cycle class map induces an isomorphism 

Hom( Jc, Jv) ® Qi^ {H\C,Qe) ^ H\V,Qi){l)f'' 

But H\V,Qi){l) ^ H\VM)* - Vi{Jv) and H^(CM) = VeiJc)* (* = Qe- 
linear dual). Thus 

{H\C,Qe) ® H\V,Qe){l)f'' = {VeiJc)* (EtVeiJv))"^' =TiomGjVi{Jc),VeiJv)). 

Thus the needed isomorphism is 

Hom( Jc, Jv) ® Home, (y^Jc), Vii Jj,)) 

and this is exactly the statement of Tate's theorem (Lecture 0, Theorem [GT]). This 
completes the proof of the theorem. □ 

Remarks 12.2. 

(1) A variation of the argument above, using Picard and Albanese varieties, 
shows that Ti for a product A" x 3^ of varieties of any dimension follows 
from Ti for the factors. 

(2) It is worth noting that Tate's conjecture Ti (and the proof of it for prod- 
ucts of curves) only characterizes the image of in ^-adic cohomology of 
NS(A') (g) Zf, not the image of NS(A') itself. This should be contrasted 
with the Lefschetz (1, 1) theorem, which characterizes the image of NS(A') 
in deRham cohomology when the ground field is C. 

13. Products of curves and DPC 

Assembling the various parts of this lecture gives the main result: 

Proposition 13.1. Let X be a smooth, projective surface over k. If there is a 
dominant rational map 

C XkV—^X 

from a product of curves to X , then the Tate conjectures Ti(X) and T2{X) hold. 



36 



DOUGLAS ULMER, ELLIPTIC CURVES OVER FUNCTION FIELDS 



Indeed, by Theorem 112.11 we have Ti{C x V) and then by Proposition 1 1 1 . 1 1 we 
deduce Ti{X). By Proposition 131 T2{X) fohows as well 

We say that "X is dominated by a product of curves (DPC)." The question of 
which varieties are dominated by products of curves has been studied by Schoen 
|Sch96| ■ In particular, over any field there are surfaces that are not dominated 
by products of curves. Nevertheless, as we will see below, the collection of DPC 
surfaces is sufficiently rich to give some striking results on the Birch and Swinnerton- 
Dyer conjecture. 



LECTURE 3 



Elliptic curves and elliptic surfaces 

We keep our standard notations throughout this lecture: p is a prime, k = Fq 
is the finite field of characteristic p with q elements, C is a smooth, projective, 
absolutely irreducible curve over k, K = k{C) is the function field of C, and E is an 
elliptic curve over K. 

1. Curves and surfaces 

In this section we will construct an elliptic surface £ — > C canonically associated to 
an elliptic curve E/K. More precisely, we give a constructive proof of the following 
result; 

Proposition 1.1. Given an elliptic curve E/K, there exists a surface £ over k 
and a morphism tt ; £ — > C with the following properties: £ is smooth, absolutely 
irreducible, and projective over k, n is surjective and relatively minimal, and the 
generic fiber of n is isomorphic to E. The surface £ and the morphism tt are 
uniquely determined up to isomorphism by these requirements. 

Here "the generic fiber of tt" means £k, the fiber product: 

£k ■.^rjxc£ ^ £ 

TT 

r] = Spec K ^ C 

"Relatively minimal" means that if £' is another smooth, absolutely irreducible, 
projective surface over k with a surjective morphism vr' : — > C, then any birational 
morphism £ ^ £' commuting with tt and tt' is an isomorphism. Relative minimality 
is equivalent to the condition that there are no rational curves of self-intersection 
— 1 in the fibers of tt (i.e., to the non-existence of curves in fibers that can be blown 
down) . 

Remarks 1.2. The requirements on £ and tt imply that tt is flat and projective 
and that all geometric fibers of tt are connected. These properties of vr will be 
evident from the explicit construction below. It follows that Tr^Og = Oc and more 
generally that tt is "cohomologically fiat in dimension zero," meaning that for every 
morphism T — > C the base change 

TTT : £t ^ £ ^cT ^ T 

satisfies ttt^Os^ ~ Or- 

Uniqueness in Proposition 11.11 follows from general results on minimal models, 
in particular |Lic68| Thm. 4.4]. See |Chi86j and |Liu02| 9.3] for other expositions. 
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We first give a detailed construction of a (possibly singular) "Weierstrass sur- 
face" W — > C and then resolve singularities to obtain £ C. 

More precisely, the proposition follows from the following two results. 

Proposition 1.3. Given an elliptic curve E / K , there exists a surface W over k 
and a morphism ttq : W ^ C with the following properties: W is normal, absolutely 
irreducible, and projective over k, ttq is surjective, each of its fibers is isomorphic 
to an irreducible plane cubic, and its generic fiber is isomorphic to E. 

This proposition is elementary, but does not seem to be explained in detail in 
the literature, so we give a proof below. 

Proposition 1.4. There is an explicit sequence of blow ups [along closed points 
and curves in W) yielding a proper birational morphism cr : £ — > W where the 
surface £ and the composed morphism tx = -kqo a : £ ^ C have the properties 

mentioned in Provosition ll.ll 

Proof of Proposition 11.31 Choose a Weierstrass equation for E: 

(1.5) + aixy + a^^y ~ x^ + a2X^ + a4X + ag 

where the Oi are in K = k{C). Recall that we have defined the notion of a minimal 
integral model at a place v of K: the should be integral at v and the valuation 
at w of A should be minimal subject to the integrality of the Oi. Clearly, there is a 
non-empty Zariski open subset U d C such that for every closed point v (z U , the 
model (|1.5|) is a minimal integral model. 

Let Wi be the closed subset of -=^1 ^kU defined by the vanishing of 

(1.6) Y^Z + aiXYZ + asYZ^ - {X^ + oaX^Z + a^XZ'^ + a^Z^) 

where X, Y, Z are the standard homogeneous coordinates on P| . Then Wi is geo- 
metrically irreducible and there is an obvious projection tti : Wi — >■ U (the restric- 
tion to Wi of the projection — ?> U). The fiber of tti over a closed point v oiU 
is the plane cubic 

Y^Z + ai{v)XYZ + a3(w)yz2 = X^ + a2{v)X'^Z + ai{v)XZ'^ + aQ{v)Z^ 

over the residue field at w. The generic point 77 of C lies in U and the fiber of tti 
at 77 is E/K. 

There are finitely many points in C \ J7 and we must extend the model Wi — > U 
over each of these points. Choose one of them, call it w, and choose a model of E 
that is integral and minimal at w. In other words, choose a model of E 

(1.7) y'^ -f a'^x'y' + a'^y' = x'^ + a'^x'"^ + a'^x' + a'^ 

where the a'^ £ K are integral at w and the valuation at w of the discriminant A is 
minimal. The new coordinates are related to the old by a transformation 

(1.8) (x, y) = iu^x' -I- r, u^y' -t- su^x' t) 

with u G and r,s,t S K. Let [/' be a Zariski open subset of C containing w 
on which all of the are integral and the model (|1.7I) is minimal. Let W" be the 
geometrically irreducible closed subset of P^, defined by the vanishing of 

r'^Z' -\- a'^X'Y'Z' + agy'Z'^ - {X'^ + o!.^X''^Z' -\- a'^X'Z'"^ + a'^Z'S) 
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with its obvious projection tt' : VV" — > U' . On the open set V ~ U {^U' , u is a. unit 
and the change of coordinates ()1.8p . or rather its projective version 

{X, r, Z) = {u^X' + rZ, u^Y' + su^X' + tZ\ Z') 

defines an isomorphism between ■k^^{V) and tt'^^IV) compatible with the projec- 
tions. Ghieing Wi and W" along this isomorphism yields a new surface equipped 
with a projection 7r2 : 'W2 where U2 = UU U' . Note that U2 is strictly larger 

than U . Moreover 112 is surjective, its geometric fibers are irreducible projective 
plane cubics, and its generic fiber is E. 

We now iterate this construction finitely many times to extend the original 
model over all of C. We arrive at a surface W equipped with a proper, surjective 
morphism tt : W — >■ C whose geometric fibers are irreducible plane cubics and whose 
generic fiber is E. Since C is projective over fc, so is W. Since W is obtained by 
glueing reduced, geometrically irreducible surfaces along open subsets, it is also 
reduced and geometrically irreducible. Since it has only isolated singular points, 
by Serre's criterion it is normal. 

This completes the proof of Proposition ll.31 □ 

Note that the closure in W of the identity element of i? is a divisor on W 
which maps isomorphically to the base curve C. We write sq : C — > W for the 
inverse morphism. This is the zero section of ttq. In terms of the coordinates on 
Wi used in the proof above, it is just the map 1 1-> ([0, 1, 0], i). 

Discussion of Proposition 11.41 The algorithm mentioned in the Proposi- 
tion is the subject of Tate's famous paper |Tat75| . His article does not mention 
blowing up, but the steps of the algorithm nevertheless give the recipe for the blow 
ups needed. The actual process of blowing up is explained in detail in |Sil94[ IV. 9] 
so we will not give the details here. Rather, we explain why there is a simple 
algorithm, following jConOSj . 

First note that the surface W is reduced and irreducible and so has no embed- 
ded components. Also, it has isolated singularities. (They are contained in the set 
of singular points of fibers of ttq.) By Serre's criterion, W is thus normal. Moreover, 
and this is the key point, its singularities are rational double points. (See |Art86j for 
the definition and basic properties of rational singularities and IBadOU Chapters 3 
and 4] for many more details. See |Con05[ Section 8] for the fact that the singu- 
larities of a minimal Weierstrass model are rational.) This implies that the blow 
up of W at one of its singular points is again normal (so has isolated singularities) 
and again has at worst rational double points. An algorithm to desingularize is 
then simply to blow up at a singular point and iterate until the resulting surface is 
smooth. Given the explicit nature of the equations defining W, finding the singular 
points and carrying out the blow ups is straightforward. 

In fact, Tate's algorithm also calls for blowing up along certain curves. (This 
happens at steps 6 and 7.) This has the effect of dealing with several singular points 
at the same time, so is more efficient, but it is not essential to the success of the 
algorithm. 

This completes our discussion of Proposition 11.41 See below for a detailed 
example covering a case not treated explicitly in }Sil94j . □ 

Conrad's article |Con05| also gives a coordinate-free treatment of integral min- 
imal models of elliptic curves. 
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It is worth remarking that Tate's algorithm and the possible structures of the 
bad fibers are essentially the same in characteristic p as in mixed characteristic. 
On the other hand, for non-perfect residue fields k of characteristic p < 3, there are 
more possibilities for the bad fibers, in both equal and mixed characteristics — see 

The zero section of W lifts uniquely to a section which we again denote by 
So : C ^ £ . 

2. The bundle oj and the height of £ 

We construct an invertible sheaf on C as follows, using the notation of the proof 
of Proposition 11.11 Take the trivial invertible sheaf Ou on U with its generating 
section At each stage of the construction, extend this sheaf by glueing 0{j and 
Ojj' over U D U' hy identifying Ijj and u^^liji where u is the function appearing 
in the change of coordinates l\1.8\\ . 

The resulting invertible sheaf w has several other descriptions. For example, 
the sheaf of relative differentials ^^/q is invertible on the locus of £ where tt :£"—)■ C 
is smooth (in particular in a neighborhood of the zero section) and, more or less 
directly from the definition, lo can be identified with Sq(^£/c)- Using relative 
duality theory, u can also be identified with the inverse of R^ir^^Og. Finally, since 
W as only rational singularities, uj is also isomorphic to iJ^TTo+Ow 

One may identify the coefficients a; of the Weierstrass equation locally defining 
W with sections of w*. Using this point of view, W can be identified with a closed 
subvariety of a certain P^-bundle over C. Namely, let V be the locally free Oc 
module of rank three 

(2.1) V = uj"^ ® ® Oc 

(where the exponents denote tensor powers). If fV denotes the projectivization of 
V over C, a bundle over C, then W is naturally the closed subset of VE defined 
locally by the vanishing of Weierstrass equations as in (|1.6p . 

Exercises 2.2. Verify the identifications and assertions in this section. In the case 
where C = P^, so X = fc(i), check that lo = Opi {h) where h is the smallest positive 
integer such that E has a model (|1.5|) where the ai are in k[t] and dega^ < hi. 

Exercises 2.3. Check that C4, cg, and A define canonical sections of oj'*, oj®, and 
o;^^ respectively, independent of the choice of equation for E. If p = 2 or 3, check 
that 62 defines a canonical section of cj^ and that C4 = h\ and cg = — fef- If P = 2, 
check that ai defines a canonical section of uj and that 62 = a\- Note that since 
positive powers of lo have non-zero sections, the degree of lo is non-negative. 

Definition 2.4. The height of denoted h, is defined by /i = deg(w), the degree 
of LO as an invertible sheaf on C. 

Note that \i E/K \s constant (in the sense of Lecture 1) then the height of the 
corresponding £ is 0. 

3. Examples 

The case when C = P"*^ is particularly simple. First of all, one may choose a 
model (jl.Sp that is integral and minimal simultaneously at every finite w, i.e., for 
every z; G A^. Indeed, start with any model and change coordinates so that the 
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ai are in k[t\. If w is a finite place where this model is not minimal, it is possible 
(because k[t] is a PID) to choose a change of coordinates 

(x, y) = {u^x' + r, u^y' + su^x' + t) 

where r, s,t,u Cz k[t\ [1 /w] and u a unit yielding a model that is minimal at w. Such 
a change of coordinates does not change the minimality at any other finite place. 
Thus after finitely many steps, we have a model integral and minimal at all finite 
places. (This argument would apply for any K and any Dedekind domain R C K 
which is a PID, yielding a model with the Ui € R that is minimal at all v G Spec R.) 

Focusing attention at f = oo, there is a change of coordinates (jl.Sp with u = 
yielding a model integral and minimal at oo. (Here h is minimal so that deg(ai) < 
hi.) So the bundle w = 0{h) = 0{hoo). 

As a very concrete example, consider the curve 

over Fp(i) where p> 2 and d is not divisible by p. Since A = l&t^''^{t'^ — 1)^, this 
model is integral and minimal at all non-zero finite places. It is also minimal at 
zero as one may see by noting that C4 and cg are units at 0. At infinity, the change 
of coordinates 

(:E,y) = (<2V,t3V) 

with h ~ \d/2\ yields a minimal integral model. Thus w = 0{h). 

Working with Tate's algorithm shows that E has I2 reduction at the d-th roots 
of unity, l2d reduction at i = 0, and either or l2d reduction at infinity depending 
on whether d is odd or even. 

Since the case of /„ reduction is not treated explicitly in |Sil94| . we give more 
details on the blow ups needed to resolve the singularity over t = 0. In terms of the 
coordinates on Wi used in the proof of Proposition 11.41 we can consider the affine 
surface defined by 

x^ + {f^ + l)x^ + t'^x-y'^ = 

which is an open neighborhood of the singularity a.t x ^ y ~ t — Q. Ifo?=l, then 
the tangent cone is the irreducible plane conic defined by x'^ + tx — y^ — 0. The 
singular point thus blows up into a smooth rational curve and it is easy to check 
that the resulting surface is smooth in a neighborhood of the fiber t = 0. Now 
assume that d > 1 . Then the tangent cone is the reducible conic x^ — y^ = and 
so the singular point blows up into two rational curves meeting at one point. More 
precisely, the blow up is covered by three affine patches. In one of them, the surface 
upstairs is 

txl + {f^ + l)xl + f^-^xi -yl = 

and the morphism is a; = txi, y — tyi. The exceptional divisor is the reducible curve 
t = x\ — y\ = Q and the point of intersection of the components t — xi = yi = Q is 
again a double point. Considering the other charts shows that there are no other 
singular points in a neighborhood of i = and that the exceptional divisor meets 
the original fiber over t = in two points. We now iterate this process rf — 1 times, 
introducing two new components at each stage. After d— 1 blow ups, the interesting 
part of our surface is given by 

+ {f' + l)xl_, + txd-i - yLi = 0. 
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At this last stage, blowing up introduces one more component meeting the two 
components introduced in the preceding step at one point each. The (interesting 
part of the) surface is now 

which is regular in a neighborhood of i = 0. Thus we see that the fiber over t — 
in f is a chain of 2d rational curves, i.e., a fiber of type l2d- 

The resolution of the singularities over points with = 1 is similar but simpler 
because only one blow up is required. At t = oo, if d is even then the situation is 
very similar to that over t = and the reduction is again of type l2d- If d is odd, 
the reduction is of type /j^. We omit the details in this case since it is treated fully 
in [Sil94] . 

Exercise 3.1. In the table in Tate's algorithm paper |Tat75| (and the slightly more 
precise version in |Sil091 p. 448]), the last three rows have restrictions on p. Give 
examples showing that these restrictions are all necessary for the discriminant and 
conductor statements, and for the statement about j in the I*,p = 2 case. Show 
that the other assertions about the j-invariant are correct for all p. 

4. £ and the classification of surfaces 

It is sometimes useful to know how £ fits into the Enriques-Kodaira classification 
of surfaces. In this section only, we replace k with k and write £ for what elsewhere 
is denoted £. 

Recall that the height of £ is defined a.s h — degw. 

Proposition 4.1. oj = Oc if and only if E is constant. If h — deg(a;) = 0, then E 
is isotrivial. 

Proof. It is obvious that if E is constant, then w = Oc- Conversely, suppose 
oj = Oc ■ Then the construction of ttq : W — ?► C in Proposition 11.31 yields an 
irreducible closed subset of (because the P'^-bundle W in (|2.ip is trivial): 

Let cr : W —> P| be the restriction of the projection P^ — > P|. Then a is not 
surjective (since most points in the line at infinity Z ^ are not in the image) and 
so its image has dimension < 2. Considering the restriction of cr to a fiber of ttq 
shows that the image of a is in fact an elliptic curve Eq and then it is obvious from 
dimension considerations that 

W = ^(7^710 (W)) = So xC. 

It follows that E, the generic fiber of ttq, is isomorphic to Eq x Specif, i.e., that E 
is constant. 

Now assume that h = 0. Then A is a non-zero global section of the invertible 
sheaf on C of degree 0. Thus uj^'^ is trivial. It follows that there is a finite 
unramified cover of C over which ui becomes trivial and so by the first part, E 
becomes constant over a finite extension, i.e., E is isotrivial. □ 

Note that E being isotrivial does not imply that h ^ 0. 

Exercise 4.2. Give an example of a non-constant i? of height zero. Hint: Consider 
the quotient of a product of elliptic curves by a suitable free action of a group of 
order two. 
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Proposition 4.3. The canonical bundle of £ is il| = tt* (JIq (X) cj). 

Here we are using that f — > C has a section and therefore no multiple fibers. 
The proof, which we omit, proceeds by considering R^ir^Og and using relative 
duality. See for example [BadOll 7.15]. 

We now consider several cases: 

If 2gc — 2 + h > 0, then it follows from the Proposition that the dimension of 
H^{£, (ri^)® ) grows linearly with n, so £ has Kodaira dimension 1. 

If 2(7c — 2 + /i = 0, then the Kodaira dimension of £ is zero and there are two 
possibilities: (1) gc = 1 and /i = 0; or (2) = and h = 2. In the first case, 
there is an unramified cover of C over which £ becomes constant and so £ is the 
quotient of a product of two elliptic curves. These surfaces are sometimes called 
"bi-elliptic." In the second case, fi| = and H^{£,0£) = H^{C,ijJ-^) = and 
so 5 is a K3 surface. 

If 2gc — 2 + /i < 0, then the Kodaira dimension of £ is — oo and there are again 
two possibilities: (1) (?c = and h = 1, in which case f is a rational surface by 
Castelnuovo's criterion; or (2) 5c = and /i = 0, in which case E is constant and 
f is a ruled surface Eq xC = Eq xf^. 

5. Points and divisors, Shioda-Tate 

If D is an irreducible curve on £, then its generic fiber 

D.E := D XcE 

is either empty or is a closed point of E. The former occurs if and only if D is 
supported in a fiber of tt. In the latter case, the residue degree of D.E is equal to 
the generic degree of Z? — > C. Extending by linearity, we get homomorphism 

Div(£) ^ Div(£;) 

whose kernel consists of divisors supported in the fibers of tt. 

There is a set-theoretic splitting of this homomorphism, induced by the map 
sending a closed point of E to its scheme-theoretic closure in £. However, this is 
not in general a group homomorphism. 

Let Div{£) be the subgroup of divisors D such that the degree of D.E is 
zero and let L^Div(£') be subgroup such that D.E = 0. We write UPic{£) and 
U NS{£) (i = 1, 2) for the images of L^{£) in Pic(£:) and NS(£) respectively 

The Shioda-Tate theorem relates the Neron-Severi group of £ to the Mordell- 
Weil group of E: 

Theorem 5.1. If £ ^ C is non- constant, D D.E induces an isomorphism 

L^NSi£) 



NS{£) 

If £ ^ C is constant, we have 

L^NS{£) 



E{K) 



L^NS(£)^^(^)/^(^) 

This theorem seems to have been known to the ancients (Lang, Neron, Weil, ...) 
and was stated explicitly in jTat66b| and in papers of Shioda. A detailed proof in 
a more general context is given in |Shi99) . Note however that in |Shi99) the ground 
field is assumed to be algebraically closed. See |Ulmll| for the small modifications 
needed to treat finite k. 
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It is obvious that NS{£)/L^NS{£) is infinite cyclic. We saw in Example 18.61 
of Lecture 2 that L'^NS{£) is free abelian of rank 1 + J2vif" ~^)- So as a corollary 
of the theorem, we have the following rank formula, known as the Shioda-Tate 
formula: 

(5.2) Rank E{K) = Rank NS{£) - 2 - ^(/„ - 1) 

V 

For more on the geometry of elliptic surfaces and elliptic curves over function 
fields, with an emphasis on rational and K3 surfaces, I recommend |SS09| . 



6. L-functions and Zeta-functions 

We are going to relate the L-function of E and the zeta function of £. We note that 
from the definition, Z{£,T) depends only on the underlying set of closed points of 
£ and we may partition this set using the map n. 
We have 



closed x^£ 

= n n 

closed yEC K£7r^i(y) 
closed yGC 

For y such that 7r~^{y) is a smooth elUptic curve, we know that 

(l-ayT + qyT^) 



{l-T){l-qyT) 



and the numerator here is the factor that enters into the definition of L{E,T). 

To complete the calculation, we need an analysis of the contribution of the bad 
fibers. We consider the fiber Tr~^{y) as a scheme of finite type over the residue field 
Ky, the field of qy elements. As such, it has irreducible components. Its "geometric 
components" are the components of the base change to Kj,; these are defined over 
some finite extension of Ky. 

For certain reduction types (/„, /* (n > 0), IV and IV*) it may happen that all 
the geometric components are defined over Hy, in which case we say the reduction 
is "split" , or it may happen that some geometric components are only defined over 
a quadratic extension of Ky, in which case we say the reduction is "non-split." This 
agrees with the standard usage in the case of /„ reduction and may be non-standard 
in the other cases. 

Proposition 6.1. The zeta function of the a singular fiber of?: has the form 

(l-T)'^(l-hT)^ 



[l-qyT)f[l + qyT)9 

1 {1-TY+'^{1 + Tf 

(1 - r)(l - qyT) (1 - 9,r)/-i(l + qyT)a 
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where the integers a, b, f, and g are determined by the reduction type at y and are 
given in the following table: 





a 


b 


/ 


9 


split I„ 








n 





non-split In, n odd 


— 1 


1 


[n + 1)/2 


(n- l)/2 


non-split In, n even 


-1 


1 


n/2 + 1 


(n-2)/2 


split I* 


-1 





5 + n 





non-split I* 


-1 





4 + n 


1 


II 


-1 





1 





ir 


-1 





9 





III 


-1 





2 





III* 


-1 





8 





split IV 


-1 





3 





non-split IV 


-1 





2 


1 


split IV* 


-1 





7 





non-split IV* 


-1 





3 


4 



Exercise 6.2. Use an elementary point-counting argument to verify the propo- 
sition. In particular, check that the number of components of Tr^^{y) that are 
rational over Ky is / and that the order of pole aX T — of 



Z(7r-i(2/),T)(l-T)(l-g,r) 



is /-I. 



Using the Proposition and the definition of the i-function (in Lecture 1, equa- 
tion (jUT])) we find that 

(6.3) LiE,T) = ^^^^^)^^ll- + 



Z{£,T) 



(1 - (7„rd<=g(''))/"-l(l + 5,,rdcg(t,))g„ 



bad V 

where by, fy and gy are the invariants defined in the Proposition at the place 
V. Using the Weil conjectures (see Section [3] of Lecture 0), we see that the orders 
of L{E, s) and C(f , s) at s = 1 are related as follows: 



(6.4) 



ord,=i L{E, s) = - ord.^i ({£, s) - 2 - ^(/„ - 1). 



Remark 6.5. This simple approach to evaluating the order of zero of the L- function 
does not yield the important fact that L{E, T) is a polynomial in T when E is non- 
constant, nor does it yield the Riemann hypothesis for L{E,T). 

For a slightly more sophisticated (and less explicit) comparison of ('-functions 
and L- functions in a more general context, see jGor79j . 

7. The Tate-Shafarevich and Brauer groups 

The last relationship between E and £ we need concerns the Tate-Shafarevich and 
Brauer groups. 

Theorem 7.1. Suppose that E is an elliptic curve over K = k(C) and £ — )■ C 
is the associated elliptic surface as in Proposition Then there is a canonical 

isomorphism 

Br(f ) = M{E/K). 
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The proof of this result, which is somewhat involved, is given in |Gro68( Sec- 
tion 4]. The main idea is simple enough: one computes Br(£) = H^{£,Grn) using 
the morphism tt : £ — C and a spectral sequence. Using that the Brauer group of 
a smooth, complete curve over a finite field vanishes, one finds that the main term 
is i?^(C, i?^7r*Gm). Since i?^7r*Gm is the sheaf associated to the relative Picard 
group, it is closely related to the sheaf on C represented by the Neron model of 
E. This provides a connection with the Tate-Shafarevich group which leads to the 
theorem. 

See [Ulmlll for more details about this and the closely related connection 
between H'^{£,Zeil))^'' and the ^Selmer group of E. 

8. The main classical results 

We are now in a position to prove the theorems of Section [T^] of Lecture 1. For 
convenience, we restate Theorem 112.11 and a related result. 

Theorem 8.1. Suppose that E is an elliptic curve over K = k{C) and £ ~> C is 
the associated elliptic surface as in Proposition ll.li 

(1) BSD holds for E if and only if T2 holds for £. 

(2) Rank E{K) <OTds=iL{E,s). 

(3) The following are equivalent: 

• Ra,nk E{K) = ords=i L{E, s) 

• M{E/K) is finite 

• for any one prime number £ (£ =^ p is allowed), the l-primary part 
^{E/K)i^ is finite. 

(4) // K' / K is a finite extension and if the BSD conjecture holds for E over 
K' , then it holds for E over K . 

Proof. Comparing (15. 2p and (I6.4p . we have that 

Ra.nkE{K) - otAs^i L{E, s) ^ Rank A^S'(£) + ord^^i s). 

Since BSD is the assertion that the left hand side is zero and T2 is the assertion 
that the right hand side is zero, these conjectures are equivalent. 

By Theorem l9.3l of Lecture 2, the right hand side is < and therefore so is the 
left. This gives the inequality Rank E{K) < ords=i L{E, s). 

The statements about M{E/K) follow from Theorem \TJ\(M(E/K) ^ Br(5)), 
the equivalence of BSD and T2{£), and Theorem 1 10. 2 1 of Lecture 2. 

The last point follows from the equivalence of BSD and T2{£) and Proposi- 
tion nm of Lecture 2 . □ 

Proofs of Theorems 112.21 and 112.31 of Lecture 1. Theorem[T2]2]of Lec- 
ture 1 concerns isotrivial elliptic curves. By the last point of Theorem [8T] above, 
it suffices to show that BSD holds for constant curves. But if E is constant, then 
£ is a product of curves, so the Tate conjecture for £ follows from Theorem 1 12. II of 
Lecture 2. The first point of Theorem 18. II above then gives BSD for E. 

Theorem 112.31 of Lecture 1 concerns elliptic curves over k{t) of low height. By 
the discussion in Section |4l if E/k{t) has height < 2 then £ is a rational or K3 
surface. (Strictly speaking, this is true only over a finite extension of k, but the last 
point of Theorem 18.11 allows us to make this extension without loss of generality.) 
But T2{X) for a rational surface follows from Proposition ll3.1l of Lecture 2. For E 
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such that £ is a K3 surfaces, Artin and Swinnerton-Dyer proved the finiteness of 
MiE/K) (and therefore BSD) in |ASD73| . □ 

9. Domination by a product of curves 

Combining part 1 of Theorem 18.11 with Proposition 113.11 of Lecture 2, we have the 
foUowing. 

Theorem 9.1. Let E be an elliptic curve over K with associated surface £. If £ 
is dominated by a product of curves, then BSD holds for E . 

Theorem 112.41 f'four monomials") and Berger's theorem 111.11 are both corol- 
laries of Theorem 19.11 as we will explain in the remainder of this lecture. 

10. Four monomials 

We recall Shioda's conditions. Suppose that f E R — k[xi,X2,X3] is the sum of 
exactly four non-zero monomials: 

where Ci E k and the are non-negative integers. Let en — 1 — 'Y^j=i ^ij ^^'^ form 
the 4x4 matrix A = (cy). Assuming that det{A) ^ (in Z), let i5 be the smallest 
positive integer such that there is a 4 x 4 integer matrix B with AB = (5/4x4 • We 
say that / satisfies Shioda's 4^-monomial condition if J 7^ in fc, i.e., \i p j{ 5. The 
following exercise shows that this is equivalent to the definition in Lecture 1. 

Exercises 10.1. Show that a prime I divides 5 if and only if it divides det(A). 
Show that if we change the definition of 6^4 to 6^4 = d — X]j=i ^ij ^^r some other 
non-zero integer d and define 5d using the new A = {cij), then i5i divides 5d for all 
d. I.e., c? = 1 is the optimal choice to minimize 5. 

Exercise 10.2. With Ci and as above, show that the system of equations 

has a solution with rf^ G Fg, j = 1, . . . , 4. 

Proof of Theorem 112.41 of Lecture 1. Briefly, the hypotheses imply that 
the associated elliptic surface f — > is dominated by a Fermat surface (of degree 
5) and thus by a product of Fermat curves (of degree 5). Thus Theorem 19.11 implies 
that BSD holds for E. 

In more detail, note that £ is birational to the affine surface V{f) C A|. So it 
will suffice to show that V{f) is dominated by a product of curves. To that end, 
it will be convenient to identify k[t,x,y\ and R — fc[a;i, X2, 2:3] by sending t 1— >■ xi, 
X ^ X2 and y 1-^ x^, so that / becomes 

i=i j=i 
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Exercise 110.21 implies that, after extending k if necessary, we may change coor- 
dinates (xj !-> djXj) so that the coefficients Ci are all 1. Then the matrix A defines 
rational a map (f> from V{f) to the Fermat surface of degree 1 

= {yi + y2 + 2/3 + 2/4 - 0} c Pi, 

namely 4>*{yi) = 11^=1 ^^j^^ ■ Similarly, the matrix B defines a rational map from 
the Fermat surface of degree 5 

F| = {zi + 4 + zi + zi - 0} c p3 

to V{f), namely i}}*{xi) — 0^=1 ^^f'^ • The composition of these maps is the stan- 
dard projection from Fg to F^, namely yi ^ zf and so both maps are dominant. 

Finally, Shioda and Katsura |SK79| showed that F| is dominated by the prod- 
uct of Fermat curves F^ x F^ . Thus, after extending k, 8 is dominated by a product 
of curves and Theorem 19.11 finishes the proof. □ 

As we will explain below, this Theorem can be combined with results on an- 
alytic ranks to give examples of elliptic curves over Fp(t) with arbitrarily large 
Mordell-Weil rank. (In fact, similar ideas can be used to produce Jacobians of 
every dimension with large rank. For this, see jUlmOTj and also |Ulmlll .') 

Unfortunately, Theorem 112.41 is very rigid — as one sees in the proof, varying 
the coefficients in the 4-nomial / does not vary the isomorphism class of S over Fg 
and so we get only finitely many non-isomorphic elliptic curves over ¥p(t). Berger's 
construction, explained in the next subsection, was motivated by a desire to over- 
come this rigidity and give families of examples of curves where one knows the BSD 
conjecture. 

11. Berger's construction 

Berger gave a much more flexible construction of surfaces that are dominated by a 
product of curves in a tower. More precisely, we note that if f — > P^ is an elliptic 
surface and : P^ — > P^ is the morphism with (f)*{t) — u'^ (corresponding to the 
field extension k{u)/k{t) with u'^ = t), then it is not in general the case that the 
base changed surface 

£' ^£ xFl ^ pi. 

n — 

is dominated by a product of curves. Berger's construction gives a rich class of 
curves for which DPC does hold in every layer of a tower of coverings. We restate 
Theorem 112.51 from Lecture 1 in a slightly different (but visibly equivalent) form. 

Theorem 11.1. Let E be an elliptic curve over K = k{t) and assume that there 
are rational functions f{x) and g{y) on P^ such that E is birational to the curve 
V{f{x) — tg{y)) C P]^ X F]^. Then the BSD conjecture holds for E over the field 
k{u) — k{t^/'^) for all d prime to p. 

Proof. Clearing denominators we may interpret f{x) — tg{y) as defining a 
hypersurface X in the affine space with coordinates x, y, and t and it is clear 
that the elliptic surface £ — > P^ associated to E is birationally isomorphic to X. 
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On the other hand, X is visibly birational to x since we may ehminatc t. 
Thus X and £ are dominated by a product of curves. This checks the case d = \. 

For larger d, note that the elliptic surface £d P^ associated to E/k{u) is 
birational to the hypersurface Xd in defined by f{x) — u'^g{y). Berger showed 
by a fundamental group argument, generalizing |Sch96| . that Xd is dominated by a 
product of curves, more precisely, by a product of covers of P^. (For her argument 
to be correct, tti should be replaced by the prime-to-p fundamental group 
throughout.) This was later made more explicit in |Ulm09a| . where it was observed 
that Xd is dominated by a product of two explicit covers of P^ . 

More precisely, let Cd and Vd be the covers of P^ defined by z'' = f{x) and 
w'^ = g{y)- Then there is a rational map from Cd x Dd to the hypersurface Xd, 
namely 

(x, z, y, w) 1-^ (x, y,u = z/w). 

This is clearly dominant and so Xd and £ are dominated by products of curves. 
Applying Theorem 19.11 finishes the proof. □ 

Note that there is a great deal of flexibility in the choice of data for Berger 's 
construction. As an example, take f{x) = x{x — a)/{x — 1) and gljj) = y{y — 1) 
where a G Fg is a parameter. Then if a ^ 1, the curve f{x) — tg{y) in P^ x P-*^ has 
genus 1 and a rational point. A simple calculation shows that it is birational to the 
Weierstrass cubic 

2 3 2 2 

y + txy — ty ~ X — tax + t ax. 
Theorem 111.11 implies that this curve satisfies the BSD conjecture over F^n {t^^'^) 
for all n and all d prime to p. Varying q and a we get infinitely many curves for 
which BSD holds at every layer of a tower. 

We will give more examples and discuss further applications of the idea behind 
Berger's construction in Lectures 4 and 5. 



LECTURE 4 



Unbounded ranks in towers 



In order to prove results on analytic ranks in towers, we need a more sophisti- 
cated approach to i-functions. In this lecture we explain Grothendieck's approach 
to i-functions over function fields and then use it and a new linear algebra lemma 
to find elliptic curves with unbounded analytic and algebraic ranks in towers of 
function fields. 

1. Grothendieck's analysis of L- functions 
1.1. Galois representations 

As usual, we let K = k{C) be the function field of a curve over a finite field k and 
Gk — Ga\{K^'^P / K) its Galois group. As in Lecture 0, Section [2l we write D^, 1^, 
and Fr^ for the decomposition group, inertia group, and (geometric) Frobenius at 
a place v oi K. 

We fix a prime £ =/= p and consider a representation 



on a finite-dimensional vector space. We make several standing assumptions 
about p. 

First, we always assume p is continuous and unramified away from a finite set 
of places of K. By a compactness argument (see [KS99[ 9.0.7]) , it is possible to 
define p over a finite extension L of Q^, i.e., there is a representation 



isomorphic to p over Q^. Nothing we say will depend on the field of definition of 
p and we will generally not distinguish between p and isomorphic representations 
defined over subfields of . 

We also always assume that p is pure of integral weight w, i.e., for all v where 
p is unramified, the eigenvalues of p{Fiy) are Weil numbers of size qv^^- 

Finally, we sometimes assume that p is "symplectically self-dual of weight w." 
This means that on the space V where p acts, there is an Gif-equivariant, alter- 
nating pairing with values in Qi(—w). 

1.2. Conductors 

The Artin conductor of p is a divisor on C (a formal sum of places of A') and is a 
measure of its ramification. We write Cond(/9) = n = J2v "I'bl- To define the local 
coefficients, fix a place v oi K and let Gi C Iv be the higher ramification groups at 
V (in the lower numbering). Then define 



(I.I.I) 



P-.Gk^ GL{V) ^ GL„((Q,) 



p' -.Gk^ GL„(L) 
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Here V ' denotes the subspace of V invariant under d. It is clear that riy = if 
and only if p is unramified at v. If p is tamely ramified at v (i.e., Gi acts trivially), 
then Tiv = dimT^/X^'-'° = dimV/V^^ . In general, the first term of the sum above 
is the tame conductor and the rest of the sum is the Swan conductor. We refer to 
[Mils 01 V.2] and also |Ser77[ §19] for an alternative definition and more discussion 
about the conductor, including the fact that the local coefficients are integers. 

1.3. i-functions 

Let us fix an isomorphism = C so that we may regard eigenvalues of Frobenius 
on ^-adic representations as complex numbers. Having done this, a representa- 
tion p.l.ip gives rise to an L-function, defined as an Euler product: 

(1.3.1) L(p,T) = J]det(l-rFr, 

V 

and L{p,s) — L{p,q^^). The product is over the places of K, the exponent /„ 
denotes the subspace of elements invariant under the inertia group 1^ , and Fr^ is a 
Frobenius element at v. 

Because of our assumption that p is pure of weight w, the product defining 
L(p, s) converges absolutely and defines a holomorphic function in the region Re s > 
w/2 + 1. 

It is clear from the definition that if p and a are Galois representations then 
L{p (B a,s) — L{p, s)L{a, s) and L{p{n), s) — L{p, s — n). 

It is also clear that L{ptriv, s) — C{C, s). and so L{ptriv{n) , s) = C(C, s — n). 

Exercise 1.3.2. Prove that if p factors through Gk Gk, so that Fr„ goes to 
a'^'^s", then 

L{p,T) = ZiC,aT) 

is a twisted version of the zeta function of C . Compare with Exercise l9.2l of Lecture 1 . 
Note that a representation factors through Gk — ^ Gk if and only if it is trivial on 
^fcif' ^^^^ exercise fills in the missing cases in the following theorem. 

Theorem 1.3.3. Suppose that p is a representation of Gk {satisfying the standing 
hypotheses of Subsection that contains no copies of the trivial representation 
when restricted to G-j^j^. Then there is a canonically defined Q^-vector space H{p) 
with continuous Gk action such that 

L{p, s)= dot {I -q-'Fvg\H{p)). 

The dimension of H{p) is deg{p)(2gc — 2) + degn where n is the conductor of p. 

Proof. (Sketch) The representation p : Gk -> GL{V) gives rise to a con- 
structible sheaf on C. In outline: p is essentially the same thing as a lisse sheaf 
J-jj on the open subset j : U ^ C over which p is unramified. We defined J-'p as 
the push-forward j^Fjj. For each closed point v of C, the stalk of p at w is V^^' . 

Let H''{C, J-) be the etale cohomology groups of They are finite dimensional 
vector spaces and give continuous representations of Gk ■ 

The Grothendieck-Lefschetz fixed point formula says that for each finite exten- 
sion Fgn of fc = Fq, we have 

2 

^ Tr(Fr,|^,) = ^(-1)^ Tr {Fr,. \H\C,T)) . 
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On the left hand side, the sum is over points of C with values in Fgn and the 
summand is the traee of the action of the Frobenius at x on the stalk of at a 
geometric point over x. 

Multiplying both sides by /n, summing over n > 1, and exponentiating, one 
finds that 

2 

L{p.T) = JJdet (1 - TFr, |i/'(C, ^)) . 

2 = 

Now H'-\C.F) and H^{C,J-) are isomorphic respectively to the invariants and 
coinvariants of V under and so under our hypotheses on p, W{C,F) vanishes 
for i ~ 0, 2. Thus we have 

L(p, s)=det(l-g-^FrJi7(p)) 

where H{p) = H^(C,F). 

The dimension formula comes from an Euler characteristic formula proven by 
Raynaud and sometimes called the Grothendieck-Ogg-Shafarevich formula. It says 

2 

^(-l)Mimi/^(C, J-) = deg(p)(2 - 2gc) ~ deg(Cond(p)). 

Since H'^ and vanish, this gives the desired dimension formula. □ 

Obviously we have omitted many details. I recommend |Mil80[ V.l and V.2] 
as a compact and readable source for several of the key points, including passing 
from £-torsion sheaves to t-dAic sheaves, the conductor, and the Grothendieck- 
Ogg-Shafarevich formula. See |Mil80[ VI. 13] for the Grothendieck-Lefschetz trace 
formula. 

Remark/Exercise 1.3.4. If we are willing to use a virtual representation of Gk in 
place of a usual representation, then the Theorem has a more elegant restatement 
which avoids singling out representations that are trivial when restricted to G-^:^. 
State and prove this generalization. 

Exercise 1.3.5. Check that we have the Artin formalism formula: if F/K is a 
finite separable extension and p is a representation of Gi?, then 

L(p,s) = L(Indg- 

Note that the left hand side is an Euler product on F with almost all factors of 
some degree, say iV, whereas the right hand side is an Euler product on K , with 
almost all factors of degree N[F : K]. The equality can be taken to be an equality 
of Euler products, where that on the left is grouped according to the places of K. 

1.4. Functional equation and Riemann hypothesis 

Theorem 11.3.31 shows that the L- function of p has an analytic continuation to the 
entire s plane (meromorphic if we allow p to have trivial factors over kK) . In this 
section we deduce other good analytic properties of L[p^ s). 

Theorem 1.4.1. Suppose {in addition to the standing hypotheses) that p is sym- 
plectically self-dual of weight w. Then L{p, s) satisfies a functional equation 
L{p, w + l-s)^ ±q^(^-("'+^'/2)^(^^ ^) 

where N = {2gc ~ 2) deg{p) + deg(Cond(p)). The zeroes of p lie on the line Res = 
(w + l)/2. 
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Proof. (Sketch) We use the notation of the proof of Theorem 11.3.31 The 
functional equation comes from a symmetric pairing 

H{p) X H[p) ^ H\CMi[~w)) = Q,{~w - 1). 

(Symmetric because p is skew-symmetric and H = H^.) That there is such a 
pairing is not as straightforward as it looks, because we defined the sheaf as 
a push forward j^J-jj where j : U C is a non-empty open set over which p is 
unramified and J-u is the lisse sheaf on U corresponding to p. It is well-known that 
i* identifies H^{C,F) with the image of the "forget supports" map 

from compactly supported cohomology to usual cohomology. (This is often stated, 
but the only proof I know of in the literature is [Ulm05j 7.1.6].) The cup product 

then induces a pairing on H^{C,J-) via the above identification. Poincare duality 
shows that the pairing is non-degenerate and so H{p) is orthogonally self-dual of 
weight w -\- 1. 

The location of the zeroes is related to the eigenvalues of Frobenius on H{p) — 
H^(C,J^) and these are Weil numbers of size by Deligne's purity theorem 

[DelSOj . I recommend the Arizona Winter School 2000 lectures of Katz (published 
as [KatOlj ) for a streamlined proof of Deligne's theorem in the generality needed 
here. □ 



2. The case of an elliptic curve 

Next, we apply the results of the previous section to elliptic curves. Throughout, 
E will be an elliptic curve over a function field K — k(C) over a finite field k of 
characteristic p. 

2.1. The Tate module 

We consider the Tate module of E. More precisely, fix a prime i ^ p and let 
TiE = lim E(K) [£"] and VeE = T^E (^z, Qe- 

n 

Let pe be the representation of Gk on the dual vector space = Hom(Vf i^, Q^) = 
H^{E,Qi). Then pE is two-dimensional and continuous and (by the criterion of 
Ogg-Neron-Shafarevich, see .ST68i Thm. 1]) it is unramified outside the (finite) set 
of places where E has bad reduction. 

At every place v oi K where E has good reduction, we have 

det(l - p(Fr,)T) = 1 - a,T + q,T^ 

where a„ is defined as in (|8.3p by ^Ey{Ky) = 1 — -I- g^,. This follows from the 
smooth base change theorem [Mil80[ VI. 4] and the cohomological description of the 
zeta function of the reduction, as in Section|3]of Lecture 0. Thus p is pure of weight 
w = I. 

The Weil pairing induces an alternating, Gfe-equivariant pairing ViE x V{E — > 
Qf(— 1) and so p is symplectically self-dual of weight 1. 

If E is constant, then pE factors through Gk — >■ Gk and since Gk is abelian, 
PE is the direct sum of two characters. More precisely, ii E ^ Eq Xk K and 
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1 — aT + qT^ = (1 — aiT)(l — a2T) is the numerator of the ^-function of Eq, then 
p^; is the sum of the two characters that send Fr^ to a^"^^ . 

If E is non-isotrivial, then pE restricted to G^:^ has no trivial subrepresenta- 
tions. One way to see this is to use a shght generahzation of the MWLN theorem, 
according to which E{kK) is finitely generated (when E is non-isotrivial). Thus its 
^-power torsion is finite and this certainly precludes a trivial subrepresentation in 
p\g-^^- In fact, by a theorem of Igusa |Igu59| , p\g-^j^ is contains an open subgroup 
of SL2(Z^) so is certainly irreducible, even absolutely irreducible. 

Exercise 2.1.1. Show that if E is isotrivial but not constant, then pE restricted 
to G-j:j^ has no trivial subrepresentation. Hint: i? is a twist of a contant curve 
E' — Eq Xk K. Relate the action of Gk on the Tate module of E to its action on 
that of E' and show that there exists an element a E Gj:j^ that acts on ViE via a 
non-trivial automorphism of E. But a non-trivial automorphism has only finitely 
many fixed points. 

We can summarize this discussion as follows. 

Proposition 2.1.2. Let p be the action of Gk on the Tate module ViE of E. 
Then p is continuous, unramified outside a finite set of places of K , and is pure 
and symplectically self-dual of weight 1. If E is non-constant, then pIg-jt^ has no 
trivial subrepresentations. 

The conductor of pE as defined in the previous section is equal to the conductor 
of E as mentioned in Section [5] of Lecture 1. This was proven by Ogg in |Ogg67| . 

2.2. The L-function 

Applying the results of the previous section, we get a very satisfactory analysis 
of the L-function of E. Since we know everything about the constant case by an 
elementary analysis (cf. exercise 19.21 of Lecture 1), we restrict to the non-constant 
case. 

Theorem 2.2.1. Let E be a non-constant elliptic curve over K = k{C) and let q 
be the cardinality of k. Let n be the conductor of E. Then L(E,s) is a polynomial 
in q~'^ of degree N — Age — 4 -f deg(n). Its inverse roots are Weil numbers of size 
q and it satisfies a functional equation 

L{E,2- s) =±q'^'-'-^^L{E,s). 

Combining the Theorem with Theorem 112. 11 we obtain the following. 

Corollary 2.2.2. The rank of E{K) is bounded above by N — 4gc — 4 + deg(n). // 
equality holds, then L{E, s) = (1 — q^~'')^ . 

The sign in the functional equation can be computed as a product of local 
factors. This can be seen via the connection with automorphic forms (a connection 
which is outside the scope of these lectures) or, because we are in the function field 
situation, directly via cohomological techniques. See |Lau84| for the latter. 

3. Large analytic ranks in towers 
3.1. Statement of the theorem 

We give a general context in which one obtains large analytic ranks by passing to 
layers of a suitable tower of function fields. 
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As usual, let p he a prime and q a power of p. Let K ~ ^q{t), for each d not 
divisible by p, set Fa = Fg(ti/'*) ^ F,(ii), and Ka = F,(^<j)(ti/<i) ^ F,(^d)(w). 

Suppose that i? is an elliptic curve over K. Let n be the conductor of E and 

let 

n' = n - dim{ViE /VeE'")[0] - dim{VeE/VeE^°°)[oo]. 

This is the conductor of E except that we have removed the tame part at i = 
and t = (X). 

Theorem 3.1.1. Let E be an elliptic curve over K and define n' as above. Suppose 
that degn' is odd. Then the analytic rank of E over Fd {and Kd) is unbounded as 
d varies. More precisely, there exists a constant c depending only on E such that if 
d has the form d = + \, then 

d o" + 1 

ord,=i L{ElFd, s)>-^^c= - c. 

and 

ord,=i L{E/Kd, s)>d-c = g" + l- c 

This theorem is proven in detail in |Ulm07[ §2-4]. We will sketch the main lines 
of the argument below. 

3.2. A linear algebra lemma 

Our analytic rank results ultimately come from the following odd-looking result of 
linear algebra. 

Proposition 3.2.1. Let V be a finite- dimensional vector space with subspaces Wi 
indexed by i G Ija'L such that V = ©igz/azW^i- -^^^ (f> : V V be an invertible 
linear transformation such that (fiiWi) = Wi+i for all i G TLja'L. Suppose that V 
admits a non-degenerate, (p-invariant symmetric bilinear form (,). Suppose that 
a is even and (, ) induces an isomorphism Wa/2 — VVq {the dual vector space of 
Wo). Suppose also that N = dim Wo is odd. Then the polynomial 1 — divides 
det(l - (f>T\V). 

We omit the proof of this proposition, since it is not hard and it appears in 
two forms in the literature already. Namely, embedded in |Ulm051 7.1.11ff| is a 
matrix-language proof of the proposition, and a coordinate-free proof is given in 
§2]. 

3.3. Sketch of the proof of Theorem 13.1.11 

For simplicity, we assume that E is non-isotrivial. (If p > 3 and E is isotrivial, then 
the theorem is vacuous because all of the local conductor exponents Uy are even.) 
Let p be the representation of Gk on V = H^{E,Qi) = {ViE)* and let pd be the 
restriction of p to Gp^ ■ Then by Grothendieck's analysis, we have 

L{ElFd, s) = det (1 - Fr, q-'\H{pd)) . 

Here H{pd) is an on the rational curve whose function field is Fd — Fq(w) = 
F,(ii/d). 

The projection formula in cohomology (a parallel of the Artin formalism [L33]) 
implies that 

H{pd) = i/(Indg- p) - Indg- 1) 
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where 1 denotes the trivial representation. Since the cohomology H is computed on 
P,j (the P"'^ with coordinate u, with scalars extended to Fg) and P„ — ?► T^ is Galois 
with group /irf, we have 

where x is a character of Gal(Fg(u)/Fq(i)) of order exactly d. 

Now the decomposition displayed above is not preserved by Frobenius. Indeed 
Fr, sends H{p (E) x^) to H{p (g) x'-'). Thus we let o C Z/dZ denote an orbit for 
multiplication by q and we regroup: 

H{Pd)= [^Hip^xn]- 

oCZ/dZ \jeo I 

We write Vo for the summand indexed by an orbit o C Z/dZ in the last display 
and Co for the cardinality of o. As we will see presently, the hypotheses of the 
theorem imply that Proposition 13.2.11 applies to most of the Vo and for each one 
where it does, we get a zero of the L-function. Before we do that, there is one small 
technical point to take care of: The linear algebra proposition requires that V be 
literally self-dual (not self-dual with a weight) and it implies that 1 is an eigenvalue 
of on To get the eigenvalue q that we need, we should twist p by —1/2 (which 
is legitimate once we have fixed choice of square root of q) so that it has weight 0, 
apply the lemma, and twist back to get the desired zero. We leave the details of 
these points to the reader. 

Assuming we have made the twist just mentioned, we need to check which Vo 
are self-dual. Since p is self-dual, Poincare duality gives a non-degenerate pairing on 
H{pd) which puts H{p®x') in duality with H{p®x~'')- Thus ii d = q"' + 1 for some 
n > 0, then all of the orbits o will yield a self-dual Vo- Possibly two of these orbits 
have odd order (those through and (i/2, which have order 1) and all of the other 
have Oo even. Moreover, for the orbits of even order, setting Wo.i — H{p (g) x'' ■'") 
for some fixed jo S o, we have 

Vo=^ Wo,^ 
i=0 

with Wo,i and Wo^i+ao/2 in duality. 

The last point that we need is that Wo,i should be odd-dimensional. The hy- 
pothesis on n' implies that for all characters x' of sufhciently high order (depending 
only on i?), the conductor oi p® is odd. The Grothendieck-Ogg-Shafarevich di- 
mension formula (mentioned at the end of the proof of Theorem ll.3.31) then implies 
that for all orbits o consisting of characters of high order, H{p (g) x'°) has odd 
dimension. 

The linear algebra proposition 13.2.11 now implies that for d = g" -f 1 and for 
most orbits o C Z/c?Z, 1 is an eigenvalue of Fr^ on Vo (and q is an eigenvalue of Fr^ 
on the corresponding factor of H[pd)). Since each of these orbits has size < 2n, 
there is a constant c such that the number of "good" orbits is > d/2n. Thus 

ord.^i L{E/Fd, s)>^~c 
for a constant c depending only on E. 



58 



DOUGLAS ULMER, ELLIPTIC CURVES OVER FUNCTION FIELDS 



To get the assertions over Kd, note that in passing from Fd to Kd, each factor 
(1 - q^^o^a^-^ L{E/Fd,T) becomes (1 - gT)"" and so 

ords^i L{E/Kd, s) > d — c 

for another c independent of E. 

This completes our discussion of Theorem 13.1.11 We refer to jUlm07| §2-4] for 
more details. □ 

3.4. Examples 

It is easy to see that the hypotheses in Theorem 13.1.11 are not very restrictive and 
that high analytic ranks are in a sense ubiquitous. The following rephrasing of the 
condition in the theorem should make this clear. 

Exercise 3.4.1. Prove that if p > 3 and E is an elliptic curve over K, then 
Theorem 13.1.11 guarantees that E has unbounded analytic rank in the tower Fd if 
the number of geometric points of Pj. over which E has multiplicative reduction is 
odd. 

Corollary 3.4.2. Let p be any prime number, K = '¥p{t), and let E be one of the 

curves E-j, E^, or Eg defined in Subsection ] of Lecture L Then 

OYds=i L{E/¥p{t^^''),s) 

is unbounded as d varies through integers prime to p 

Proof. If p > 3, then one sees immediately by considering the discriminant 
and j-invariant that E has one finite, non-zero place of multiplicative reduction and 
is tame at and oo, thus it satisfies the hypotheses of Theorem 13. 1.11 If p = 2 or 3, 
one checks using Tate's algorithm that E has good reduction at all finite non-zero 
places and is tame at zero, but the wild part of the conductor at oo is odd and so 
the theorem again applies. □ 

For another example, take the Legendre curve 

— x{x — — t) 

over ¥p(t), p > 2. It is tame at and oo and has exactly one finite, non-zero place 
of multiplicative reduction. 



4. Large algebraic ranks 

4.1. Examples via the four- monomial theorem 

Noting that the curves Ej, Eg,, and Eg are defined by equations involving exactly 
four monomials, we get a very nice result on algebraic ranks. 

Theorem 4.1.1. Let p be any prime number, K = ¥p{t), and let E be one of the 

curves Ei, Eg, or Eg defined in Subsection ] L2\ of Lecture 1. Then for all d prime 
to p and all powers q of p, the Birch and Swinnerton-Dyer conjecture holds for E 
over Kd ~ ¥q(t}-l'^\ Moreover, the rank of E(¥p(t^^'^)) is unbounded as d varies. 



Proof. This follows immediately from Corollarv 13.4.21 and Theorem 112.41 of 
Lecture 1 as soon as we note that E/Kd is defined by an equation satisfying Shioda's 
conditions. □ 
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Similar ideas can be used to show that for every prime p and every genus g > 0, 
there is an exphcit hyperelhptic curve C over ¥p{t) such that the Jacobian of C 
satisfies BSD over Fq(t^/'^) for all q and d and has unbounded rank in the tower 
¥p{t^^'^). This is the main theorem of |Ulm07| . 

4.2. Examples via Berger's construction 

As we pointed out in Lecture 3, the Shioda 4-monomial construction is rigid — 
varying the coefficients does not lead to families that vary geometrically. Berger's 
thesis developed a new construction with parameters that leads to families of curves 
for which the BSD conjecture holds in a tower of fields. This together with the ana- 
lytic ranks result [3^1.11 gives examples of families of elliptic curves with unbounded 
ranks. 

To make this concrete, we quote the first example with parameters from |Ber08| 
that, together with the analytic rank construction I3.1TT1 gives rise to unbounded 
analytic and algebraic ranks. 

Theorem 4.2.1 (Berger). Let k — ¥q be a finite field of characteristic p and let 
a e Fg with a ^ 0, 1, 2. Let E he the elliptic curve over K = ¥q{t) defined by 

+ a{t - l)xy + a{t^ - t)y + (2a + l)tx^ + a{a + 2)t^x + a^t^ . 

Then for all d prime to p the BSD conjecture holds for E over ¥q{t^/'^). Moreover, 
for every q and a as above, the rank of E{¥q{t^/'^)) is unbounded as d varies. 

Proof. This is an instance of Berger's construction (Theorem 111.11 of Lec- 
ture 3). Indeed, let f(x) = x{x — a)/{x — 1) and g{y) — y{y — a)/{y — 1). Then 
^(/ ~ tg) <^ ^ is birational to E, which is a smooth elliptic curve for all 
a 7^ 0, 1. Berger's Theorem lll.ll of Lecture 3 shows that E satisfies BSD over the 
fields (*!/'*). 

The discriminant of E is 

A = a^{a - l)H'^{t - if {ah"^ - (2a^ - 16a + lQ)t + a^) . 

Assume first that p > 3. One checks that A is relatively prime to C4 so that the 
zeroes of A are places of multiplicative reduction. Since the discriminant (in t) of 
the quadratic factor a^t^ — (2a^ — 16a + 16)t + a? is — 64(a — 1) (a — 2)^ we see that 
there are three finite, non-zero geometric points of multiplicative reduction. Since 
p > 3, the reduction at and 00 is tame and so n' (defined as in Subsection 13. II of 
Lecture 4) has degree 3. Thus by Theorem 13.1.11 of Lecture 4, E has unbounded 
analytic ranks in the tower ¥q{t^/'^) and thus also unbounded algebraic ranks by 
the previous paragraph on BSD. 

If p = 2 or 3, one needs to use Tate's algorithm to compute n', which again 
turns out to have degree 3. We leave the details of this computation as a pleasant 
exercise for the reader. □ 



LECTURE 5 



More applications of products of curves 

In the last part of Lecture 4, we chose special curves E and used a domination 
C X D---*£ of the associated surface to deduce the Tate conjecture for £ and thus the 
BSD conjecture for E. This yields an a priori equality of analytic and algebraic 
ranks. We then used other, cohomological, methods (namely the analytic ranks 
theorem) to compute the analytic rank. 

It turns out to be possible to use domination by a product of curves and geom- 
etry to prove directly results about algebraic ranks and explicit points. We sketch 
some of these applications in this lecture. 

1. More on Berger's construction 

Let fc be a field (not necessarily finite), K = k{t), and Kd = k{t^^'^) = k{u). Recall 
that in Berger's construction we start with rational curves C = V\ and T> = W'\ 
and rational functions f{x) on C and g{y) on V. We get a curve in P)^ x 
defined by f{x) — tg{y) = and we let E be the smooth proper model over K of 
this curve. (Some hypotheses are required for this to exist, but they are weaker 
than our standing hypotheses below.) The genus of E was computed by Berger in 
|Ber08[ Theorem 3.1]. All the examples we consider will be of genus 1 and will have 
a i^-rational point. 

We establish more notation to state a precise result. Let us assume for sim- 
plicity all the zeroes and poles of / and g are fc-rational. Write 

fc fc' f. f.' 

(1.1) div(/)=^a.F,-^a:,/^, and div(5) = ^ &,Q, - ^ fe^.Q^-, 

i—l i' — l j—1 j' — ^ 

with a'j^, ,bi,b'y positive integers and Pi, P^,, Qj, and Q'j, distinct fc-rational 
points. Let 

fc fc' e I' 

m = ai = a[, and n — bj — b'^, . 
i—l i' — l j — 1 i' — l 

As standing hypotheses, we assume that: (i) all the multiplicities a^, a[,, bj, 
and b'j, are prime to the characteristic of fc; and (ii) gcd(ai . . . , ak, a'l, . . . , a'^,) — 
gcd(fei . . .,bi,b[, . . .,b'j,,) = 1. 

Under these hypotheses, Berger computes that the genus of E is 

(1.2) gE = (m -l){n-l)-J2 b,) - ^ 5{a[, , b'^,) 

where S{a, b) = {ab — a — b + gcd(a, b))/2. 

From now on we assume that we have chosen the data / and g so that E has 
genus 1 . Two typical cases are where / and g are quadratic rational functions with 
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simple zeroes and poles, or where / and g are cubic polynomials. There is always a 
if-rational point on E] for example, we may take a point where x and y are zeroes 
of / and g. 

Let £d — > be the elliptic surface over k attached to E/Kd- It is clear that 
£d is birational to the closed subset of Pj, x P[. x P[, (with coordinates x, y, u) 
defined by the vanishing of f{x) — u'^g{y). We saw in Section [11] of Lecture 3 that 
£ is dominated by a product of curves and we would now like to make this more 
precise. 

Recall that we defined covers Cd — >■ C = P^ and Vd — >■ I? = P^ by the equations 
z'^ = f{x) and = giy). Note that there is an action of jid, the d-th roots of 
unity, on Cd and on 'Dd- 

Proposition 1.3. The surface £d is hirationally isomorphic to the quotient surface 
{Cd X Dd) I [i-d where [id acts diagonally. 

Proof. We have already noted that £d is birational to the zero set X of f{x) — 
u'^g{y) in P^ ^ Pfc ^ ''^fe- Define a rational map from Cd y. Vd to X by sending 
(x, z, y, w) to (x, y,u = z/w). It is clear that this map factors through the quotient 
(Cd X Vd)llJid- Since the map is generically of degree d, it induces a birational 
isomorphism between (Cd x 'Dd)/nd and X. Thus (Cd x 'Dd)/^id is birationally 
isomorphic to £d- O 

In the next section we will explain how this birational isomorphism can be used 
to compute the Neron-Severi group of £d and the Mordell-Weil group E(Kd). 

2. A rank formula 

We keep the notation and hypotheses of the preceding subsection. Consider the 
base P^, the one corresponding to K, with coordinate t. For each geometric point 
X of this P^, let fx be the number of components in the fiber of f — P^ over x. 
For almost all x, fx = \ and its value at any point can be computed using Tate's 
algorithm. 

Define two constants ci and C2 by the formulae 

Cl = ^ (fx - 1) 
a: 7^0,00 

and 

C2 = (fc-l)(^-l) + (A:'-l)(f-l). 

Here the sum is over geometric points of P^ except t — and t — oo and fc, k' , £, 
and £' are the numbers of distinct zeroes and poles of / and g (ci. equation (|l.ll) ). 
Note that ci and C2 depend only on the data defining E/K, not on d. 

Theorem 2.1. Suppose that k is algebraically closed and that d is relatively prime 
to all of the multiplicities Oi, a'^, , bj, and b'^ and to the characteristic of k. Then 
we have 

Rank£;(Xrf) = RankHom(Jcd, -'^dJ^'' - cid + C2. 
Here Hom(- • • )^'^ signifies the homomorphisms commuting with the actions of ^id 
on the two Jacobians induced by its action on the curves. 

Sketch of Proof. In brief, we use the birational isomorphism 

(Cd X Vd)/ y.d~-^£d 
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to compute the rank of the Neron-Severi group of £d and then use the Shioda-Tate 
formula to compute the rank of E{Kd). 

More precisely, we saw in Lecture 2, Subsection l8.4l that the Neron-Severi group 
of the product Cd x Vd is isomorphic to 1? x Hom( Jc^, J-p^). It follows easily 
that the Neron-Severi group of the quotient [Cd x Vd)/ ^d is isomorphic to J? x 
\iouv{Jc,,Jv,Y^. 

One then keeps careful track of the blow-ups needed to pass from [Cd x Vd)/ fJ-d 
to £d- The effect of blow-ups on Neron-Severi is quite simple and was noted in 
Subsection 18.51 of Lecture 2. This is the main source of the term C2 in the formula. 

Finally, one computes the rank of E{Kd) using the Shioda-Tate formula, as in 
Section [5] of Lecture 3. This step is the main source of the term cid. 

The hypothesis that k is algebraically closed is not essential for any of the above, 
but it avoids rationality questions that would greatly complicate the formula. 

For full details on the proof of this theorem (in a more general context) see 
|Ulm09al Section 6]. □ 



3. First examples 

One of the first examples is already quite interesting. We give a brief sketch and 
refer to |Ulm09a] for more details. 

With notation as in Section[TJ we take f{x) — x{x — 1) and g{y) = y^/(l — y). 
The genus formula (|1.2p shows that E has genus 1. In fact, the change of coordinates 
X — —y /{x + 1), y — —x/t brings it into the Weierstrass form 

y'^ + xy + ty — x^ + tx^ . 

We remark in passing that if the characteristic of k is not 2, E has multiplicative 
reduction at t = 1/16 and good reduction elsewhere away from and cxd. Thus by 
the analytic rank result of Lecture 2, when k is finite, say k = ¥p and p > 3, we 
expect E to have unbounded analytic rank in the tower Fp(t^/'^). (In fact a more 
careful analysis gives the same conclusion for every p.) 

Now assume that k is algebraically closed. To compute the constant ci, one 
checks that (for k of any characteristic) E has exactly one irreducible component 
over each geometric point of P^. Thus ci = 0. It is immediate from the definition 
that C2 = 0. Thus our rank formula yields 

Rank E{Kd) = Rank Hom( Jc,, J''"*. 

Next we note that there is an isomorphism (f) : Cd ^ Vd sending [x, z) to 
[y — l/x,w — l/z). This isomorphism anti- commutes with the jjid action: Let Cd 
be a primitive d-th root of unity and write [Cd] for its action on curves or Jacobians. 
Then (f)o [Cd] = [C^ ] ° <t'- Using (/> to identify Cd and Vd, our rank formula becomes 

Yl&nkE{Kd) = RankEnd(JcJ°"*'"^'^ 

where "End(- • • )a"t«-A'd" denotes those endomorphisms anti-commuting with Hd in 
the sense above. 

Suppose that k has characteristic zero. Then a consideration of the (faithful) 
action of End(JcJ on the differentials H°{Jc^,n'^) shows that End( JcJ"""^^'' = 
for all d (see |Ulm09a( 7.6]). We conclude that for k of characteristic zero, the rank 
of E{Kd) is zero for all d. 
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Now assume that k has characteristic p (and is algebraically closed). If we take 
d of the form pf + 1 then we get many elements of End( Jc^)""**^^'' . Namely, we 
consider the Frobenius Fr^/ and compute that 



The same computation shows that Fvpf o[Cj} anticommutes with fi^ for all i. It 
turns out that there are two relations among these endomorphism in End (Jc^) if 
p > 2 and just one relation if p = 2 (see |Ulm09a[ 7.8-7.10]). Thus we find that, for 
d of the special form d = p^ + 1, 



Rank E{¥p{t^/'^)) = 



d-2 if p > 2 
d-1 Hp ^2. 



The reader may enjoy checking that this is in exact agreement with what the 
analytic rank result (Theorem 13. 1.11 of Lecture 4) predicts. 

Somewhat surprisingly, there are more values of d for which we get high ranks. 
A natural question is to identiiy all pairs {p,d) such that E{¥p{t^/'^) has "new" 
rank, i.e, points of infinite order not coming from smaller values of d. The exact 
set of pairs {p, d) for which we get high rank is mysterious. There are "systematic" 
cases (such as {p,p^ + 1), as above, or {p,2{p — 1))) and other cases that may be 
sporadic. This is the subject of ongoing research so we will not go into more detail, 
except to note that the example in Section [5] below is relevant to this question. 

4. Explicit points 

The main ingredients in the rank formula of Section [2] are the calculation of the 
Neron-Severi group of a product of curves in terms of homomorphisms of Jacobians 
and the Shioda-Tate formula. Tracing through the proof leads to a homomorphism 

Rom{Jc„Jv,r' = DivCorr(Cd,2?d) ^ NS(£d) ^ ^jt^^f] = E{Kd). 

NS(td) 

For elements of Hom(Jc^, Jv^^"^ where we can find an explicit representation 
in DivCorr(C(i, Pd), the geometry of Berger's construction leads to explicit points 
in E(Kd). This applies notably to the endomorphisms Fr^/ o[Q] appearing in the 
analysis of the first example above. Indeed, these endomorphisms are represented 
in DivCorr(Cci, I'd) by the graphs of Frobenius composed with the automorphisms 

Tracing through the geometry leads to remarkable explicit expressions for 
points in E{Kd). The details of the calculation are presented in |Ulm09a[ §8] 
so we will just state the results here, and only in the case p> 2. 

Theorem 4.1. Let p > 2, k ~ ¥p and K = k{t). Let E be the elliptic curve 

+ xy + ty = + tx^ 

over K . Let q — p^ , d = q + 1, Kd — k{t^/'^), and 

'ui{ui-u) u^i{l + 2u + 2ui) 



P{u) 



(1 + iu)'} ' 2(1 + 4u)(3'?-i)/2 2(1 + 4u)9- 

Then the points Pi = P{Qji?-/'^) for i = 0, . . . , d — 1 lie in E{Kd) and they generate 
a finite index subgroup of E{Kd), which has rank d—2. The relations among them 
are that J2i=o '^'^^ ^2^=0 ("^Y^i '^^^ torsion. 
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It is elementary to check that the points he in E{Kd). To check their indepen- 
dence and the relations by elementary means, one may compute the height pairing 
on the lattice they generate. It turns out to be a scaling of the direct sum of 
two copies of the ^*^_2)/2 lattice. Since we know from the previous section that 
E{Kd) has rank d — 2, the explicit points generate a subgroup of finite index. As 
another check that they have finite index, we could compute the conductor of E — it 
turns out to have degree d+ 2 — and apply Corollary 12.2.21 of Lecture 4. All this is 
explained in detail in |Ulm09a| §8]. 

5. Another example 

We keep the notation and hypotheses of Sections [T] and [2J For another example, 
assume that k — ¥p with p > 2. Let f{x) = xjix^ — 1) and g[y) = y{y — 1). The 
curve f{x) — tg{y) = has genus 1 and the change of coordinates a; = {x' +t)/ {x' —t), 
y = —y'/2tx' brings it into the Weierstrass form 

12 , ni I I 13 4-2 1 

y + 2tx y — X — t X . 

This curve, call it E, has multiplicative reduction of type Ii at the places dividing 
+ 4, good reduction at other finite, non-zero places, and tame reduction at t = 
and t ^ oo. We find that the constants ci and C2 are both zero and that 

Rank E(¥p{t^^'^)) = RankHom( Jc^ , JpJ^'' . 

Recall that the curves Cd and Vd are defined by the equations 

z'^ ^ fix) = ^ , and w"^ ^g{y) = y{y-\). 
x'^ ~ \ 

Consider the morphism (f) -.Cd^ 'Dd defined by (t>*{y) = 1/(1 — x-^) and 4>*{'w) = . 
It is obviously not constant and so induces a surjective homomorphism 0* : Jc^ 

The homomorphism 0* clearly does not commute with the action of /i^. Indeed, 
if denotes a primitive d-th root of unity and [C,d] its action on one of the Jacobians, 
we have o [C^] = [C^] o 0^. (This formula already holds at the level of the curves 
Cd and Vd.) 

Now let us assume that d has the form d — 2pf — 1 and consider the map 
(j) o Fvpf : Cd — > Vd- Then we find that 

(0 o Frp/), o [Cd] = [Cf] o (0 o Frp/), = [Cd] o (0 o Fr^f), 

in IIom( Jc^, J-D^), in other words that (0 o Fr^/)* commutes with the ^d action. 
Similarly ([C^] o (po Fr^/)* commutes with the fid action for all i. 

Further analysis of the homomorphisms ([Q] o (j> o Fr^,/)* in IIom( Jc^, J-Dj)^'^ 
(along the lines of [UlmOQal 7.8]) shows that they are almost independent; more 
precisely, they generate a subgroup of rank d — 1. Thus we find (for d of the form 
d = 2pf - 1) that the rank of E{k{t^/'^)) is at least d-l. 

The reader may find it a pleasant exercise to write down explicit points in this 
situation, along the lines of the discussion in Section |3] and |Ulm09a[ §8] . 

6. Further developments 

There have been further developments in the area of rational points on curves and 
Jacobians over function fields. To close, we mention three of them. 
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In the examples of Sections [3] and [3 the set of d that are "mteresting," i.e., for 
which we get high rank over Kd, depends very much on p, the characteristic of k. 
In his thesis (University of Arizona, 2010), Tommy Occhipinti gives, for every p, 
remarkable examples of elliptic curves E over ¥p{t) such that for all d prime to p 
we have 

Rsink E{¥p(t^/'^)) > d. 
The curves come from Berger's construction where / and g are generic degree two 
rational functions. The rank inequality comes from the rank formula in Theorem l2.1l 
and the Honda- Tate theory of isogeny classes of abelian varieties over finite fields. 

In the opposite direction, the author and Zarhin have given examples of curves 
of every genus over C{t) such that their Jacobians have bounded rank in the tower 
of fields C(ii/^") where ^ is a prime. See |UZ10| . 

Finally, after some encouragement by Dick Gross at PCMI, the author produced 
explicit points on the Legendre curve over the fields Fp(/id)(f^/'^) where d has the 
form pf + 1 and proved in a completely elementary way that they give Mordell-Weil 
groups of unbounded rank. In fact, this construction is considerably easier than 
that of Tate and Shafarevich |TS67j and could have been found in the 1960s. See 
|Ulm09b| . 

It appears that this territory is rather fertile and that there is much still to 
be discovered about high ranks and explicit points on curves and Jacobians over 
function fields. Happy hunting! 
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